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RÉSUMÉ

Des études récentes suggèrent que la variance conditionnelle des rendements

financiers est sujette à des sauts. Ce papier étend une procédure non paramétrique de

détection de sauts développée par Delgado et Hidalgo (1996) à la détection de sauts dans

les moments conditionnels supérieurs, en particulier la variance conditionnelle. Les

résultats de simulation démontrent que cette procédure estime de façon raisonnable le

nombre de sauts ainsi que leurs emplacements. L'application de cette procédure aux

rendements journaliers sur l'indice S&P 500 révèle la présence de plusieurs sauts dans la

variance conditionnelle.

Mots clés : sauts, variance conditionnelle, noyau, fenêtre unidirectionnelle

ABSTRACT

Recent work suggests that the conditional variance of financial returns may exhibit

sudden jumps. This paper extends a non-parametric procedure to detect discontinuities in

otherwise continuous functions of a random variable developed by Delgado and Hidalgo

(1996) to higher conditional moments, in particular the conditional variance. Simulation

results show that the procedure provides reasonable estimates of the number and location

of jumps. This procedure detects several jumps in the conditional variance of daily returns

on the S&P 500 index.

Key words : jumps, conditional variance, kernel, one-sided windows



4 Lqwurgxfwlrq

Lq wkh sdvw �iwhhq |hduv/ d odujh dprxqw ri dwwhqwlrq kdv ehhq sdlg wr wkh surshuwlhv ri

vhfrqg prphqwv ri �qdqfldo gdwd1 Surshu dffrxqw ri wkh frqglwlrqdo yduldqfh ri �qdqfldo

gdwd lv lpsruwdqw iru lqihuhqfh sxusrvhv dv zhoo dv iru hpslulfdo lpsohphqwdwlrq ri rswlrqv

sulflqj prghov dqg rswlpdo khgjh sruwirolrv1 Wr fdswxuh wkh dssduhqw yrodwlolw| foxvwhulqj

irxqg lq �qdqfldo gdwd/ Hqjoh E�bH2� vxjjhvwhg lq d vhplqdo sdshu wkh DUFK prgho lq

zklfk wkh frqglwlrqdo yduldqfh/ �|/ lv d olqhdu ixqfwlrq ri sdvw vtxduhg uhwxuqv1 Vlqfh wkhq/

qxphurxv h{whqvlrqv ri wkh DUFK prgho kdyh ehhq vxjjhvwhg/ vxfk dv wkh yhu| srsxodu

JDUFK prgho +Eroohuvohy E�bHS�,=

�| ' kf n k�+
2
|3� n ���n kR+

2
|3R n q��|3� n � � �n q^�|3^ +4,

Rwkhu yduldqwv zhuh ghyhorshg wr fdswxuh skhqrphqd vxfk dv dv|pphwu| / nlqnv/ dqg glv0

frqwlqxlwlhv iru zklfk wkh ruljlqdo DUFK prgho lv srruo| vxlwhg1

Dv dq dowhuqdwlyh wr wklv zlgh ydulhw| ri sdudphwulf prghov/ Sdjdq dqg Vfkzhuw E�bbf�/

Sdjdq dqg Xoodk E�bHH� dqg Sdjdq dqg Krqj E�bb�� kdyh xvhg ydulrxv qrq0sdudphwulf hv0

wlpdwruv ri wkh frqglwlrqdo yduldqfh1 Wkhvh hvwlpdwruv dvvxph wkdw wkh frqglwlrqdo yduldqfh

surfhvv lv vprrwk/ dqg wkh| zloo eh lqfrqvlvwhqw dw dq| srlqw ri glvfrqwlqxlw|1 Hduo| hylghqfh

iru wkh h{lvwhqfh ri glvfrqwlqxlwlhv lq wkh frqglwlrqdo yduldqfh zdv surylghg e| Odprxuhx{

dqg Odvwudshv E�bbf�> Kdplowrq dqg Vxvpho E�bbe� dqg Fdl E�bbe� surylghg vlpsoh sdudphw0

ulf irupv e| dgglqj d Pdunry fkdlq wr dq DUFK prgho1 Wklv iudphzrun kdv ehhq h{whqghg

uhfhqwo| e| Gxhnhu E�bb.� dqg Iudqft dqg ]dnròdq E�bbb� e| doorzlqj iru JDUFK surfhvvhv

dqg e| Pdkhx dqg PfFxug| E�bbb� e| doorzlqj gxudwlrq0ghshqghqw wudqvlwlrq suredelolwlhv1

Wkh dgydqwdjh ri wkhvh prghov uhodwlyh wr vwdqgdug JDUFK irupxodwlrqv lv wkdw wkh| fdq

dgdsw pxfk pruh txlfno| wr shulrgv ri kljk ru orz yrodwlolw|1 JDUFK prghov duh wrr shuvlv0

whqw wr fdswxuh d vxgghq lqfuhdvh lq yrodwlolw|> vlploduo|/ vkrfnv wr wkh frqglwlrqdo yduldqfh

glh rxw wrr vorzo| wr fdswxuh fhuwdlq klvwrulfdo hslvrghv1

Wklv sdshu zloo wkxv whvw iru wkh suhvhqfh ri mxpsv lq wkh yrodwlolw| ri �qdqfldo uhwxuqv1

Wkh phwkrgrorj| xvhg lv d vxlwdeo| prgl�hg yhuvlrq ri d qrq0sdudphwulf nhuqho hvwlpdwru

vxjjhvwhg e| Ghojdgr dqg Klgdojr E�bbS�1 Lq ylhz ri wkh qxphurxv sdudphwulf prghov wkdw

kdyh ehhq vxjjhvwhg wr prgho wlph0ydu|lqj yrodwlolw|/ wkh qrq0sdudphwulf dssurdfk vhhpv
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surplvlqj1 Plvvshfl�fdwlrq ri wkh frqwlqxrxv frpsrqhqw ri wkh frqglwlrqdo yduldqfh pd|

ohdg wr huurqhrxv lqihuhqfh rq wkh suhvhqfh ri mxpsv1 Wkh whvw lv ghulyhg e| xvlqj rqh0

vlghg zlqgrzv/ �uvw lqwurgxfhg e| Pÿoohu E�bb2� c lq hvwlpdwlqj wkh frqglwlrqdo yduldqfh1 Dw

srlqwv zkhuh d mxps rffxuv/ wkh ohiw0kdqg vlgh dqg uljkw0kdqg vlgh hvwlpdwhv zloo frqyhujh

wr wkh ohiw dqg uljkw olplw uhvshfwlyho| dw wkdw srlqw1 Wkh gl�huhqfh ehwzhhq wkhvh hvwlpdwhv

surylghv wkh edvlv iru wkh ghwhfwlrq ri d mxps1

Wkh sdshu lv rujdql}hg dv iroorzv= vhfwlrq 5 zloo ghvfuleh wkh qrq0sdudphwulf surfhgxuh wr

ghwhfw glvfrqwlqxlwlhv lq d uhjuhvvlrq ixqfwlrq dv ghyhorshg e| Ghojdgr dqg Klgdojr E�bbS�

dqg lwv dssolfdwlrq wr wkh ghwhfwlrq ri mxpsv lq wkh frqglwlrqdo yduldqfh1 Wkh �qlwh0vdpsoh

shuirupdqfh ri wklv surfhgxuh lv dqdo|}hg lq vhfwlrq 6 wkurxjk d vlpxodwlrq h{shulphqw1

Vhfwlrq 7 zloo suhvhqw hpslulfdo uhvxowv xvlqj zhhno| uhwxuqv rq wkh Vwdqgdug dqg Srru*v 833

lqgh{/ dqg vhfwlrq 8 zloo frqfoxgh1 Doo surriv duh uhohjdwhg wr d pdwkhpdwlfdo dsshqgl{1

5 Qrq0sdudphwulf mxps ghwhfwlrq lq wkh frqglwlrqdo

yduldqfh

Lq wklv vhfwlrq/ zh suhvhqw uhvxowv rq wkh hvwlpdwlrq ri mxpsv lq wkh frqglwlrqdo yduldqfh lq d

qrqsdudphwulf idvklrq1 Wkh uhdghu lv uhihuuhg wr Ghojdgr dqg Klgdojr E�bbS� iru pruh ghwdlo

rq wkh surfhgxuh1

Iru vlpsolflw|/ dvvxph wkdw +| lv d udqgrp yduldeoh zlwk }hur phdq1 Zh zloo hvwlpdwh wkh

frqglwlrqdo prphqwv ri +| e| xvlqj wkh ixqfwlrqdo uhsuhvhqwdwlrq=

C E+|� ' 6Ef|� n �| ' } Ef|� n 7 E~|� n � Ef|� +5,

zkhuh C dqg } duh frqwlqxrxv ixqfwlrqv/ f| ' Ef�c|c � � � c fRn�c|�
� lv d R n � yhfwru zkrvh

odvw hohphqw lv wlph gh�qhg dv d iudfwlrq ri wkh vdpsoh fRn�c| '
|
A
zkhuh A lv wkh vdpsoh

vl}h/ 7 E~|� lv d vwhs ixqfwlrq zlwk �qlwh mxpsv zkrvh dujxphqw lv d phpehu ri f|/ dqg

� Ef|� lv d vwrfkdvwlf glvwxuedqfh whup zlwk . E� Ef|� mf|� ' f1 Iru qrwdwlrqdo vlpsolflw|/

wkh ghshqghqfh ri 7 rq ~| dqg � rqf| zloo eh vxssuhvvhg lq wkh iroorzlqj dqg vlpso| zulwwhq

dv �| dqg 7|� Wkh ohdglqj fdqglgdwhv iru lqfoxvlrq lq f| duh odjjhg ydoxhv ri wkh ghshqghqw
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yduldeoh/ +|3�c ���c +|3R1 Ghojdgr dqg Klgdojr E�bbS� dqdo|}hg wkh fdvh zkhuh C E+|� ' +|1

Wkh prgho vxjjhvwhg lv jhqhudo lq whupv ri wkh phfkdqlvp wuljjhulqj fkdqjhv lq 7|� Wkh

fkdqjhv/ krzhyhu/ duh dvvxphg wr eh h{sodlqhg e| wkh &|� phpehu ri f zklfk zh ghqrwh e|

~/ srvvleo| �wlph�1 Xvlqj �wlph� wr lghqwli| wkh rffxuuhqfh ri mxpsv grhv qrw phdq wkdw

zh dfwxdoo| eholhyh wkdw wkh sdvvdjh ri wlph lv wkh ghwhuplqlqj idfwru lq ohdglqj wr d mxps1

Udwkhu/ dq| yduldeoh wkdw fdxvhv wkh mxpsv zrxog kdyh wr eh frqvlvwhqw zlwk wkh �qglqjv

rewdlqhg e| dvvxplqj wkdw �wlph� fdxvhv wkhp1

Wkh qrq0sdudphwulf hvwlpdwru ri wkh uhjuhvvlrq ixqfwlrq wkdw zh zloo dqdo|}h lv wkh xvxdo

Qdgdud|d0Zdwvrq nhuqho hvwlpdwru ri 6 E%�=

e6 E%� '

SA

|'�g
�
f|3%
K

�
C E+|�SA

|'�g
�
f|3%
K

� +6,

zkhuh g G URn� $ U lv d nhuqho dqg K lv wkh xvxdo edqgzlgwk sdudphwhu1 Iru vlpsolflw|/ wkh

fodvv ri nhuqhov zh zloo dqdo|}h lv ri pxowlsolfdwlyh irup=

g

�
f| � %

K

�
' &

�
f�| � %�

K

�
� � � &

�
fRn�| � %Rn�

K

�
+7,

zkhuh & G U $ U�

Wkh Ghojdgr dqg Klgdojr E�bbS� dssurdfk iru ghwhfwlqj glvfrqwlqxlwlhv lv wr orrn dw wkh

gl�huhqfh ehwzhhq nhuqho hvwlpdwhv zlwk rqh0vlghg zlqgrzv dorqj wkh ydoxhv ri ~|=

e6n E5� '

SA

|'�g
n
�

h~|35
K

�
CE+|�SA

|'�g
n
�

h~|35
K

� '
e�n E5�es E5� +8,

dqg

e63 E5� '

SA

|'�g
3
�

h~|35
K

�
CE+|�SA

|'�g
3

�
h~|35
K

� '
e�3 E5�es E5� +9,

zlwk g3
�

h~|35
K

�
' &3

�
~|35
K

�T
r�'& &

�
fr|3%r

K

�
zkhuh &3E�� kdv grpdlq U

3 dqg gnE
h~|35
K

� '

&n
�
~|35
K

�T
r�'& &

�
fr|3%r

K

�
zkhuh &nE�� kdv vxssruw rq U

n� Wklv phdqv wkdw e6n E5� dyhudjhv

ydoxhv ri C E+|� zlwk ~| juhdwhu wkdq 5/ dqg e63 E5� dyhudjhv srlqwv zkhuh ~| lv ohvv wkdq

51 Riwhq/ zh zloo uhihu wr wkhvh hvwlpdwruv dv uljkw0vlgh dqg ohiw0vlgh hvwlpdwruv uhvshfwlyho|

iru reylrxv uhdvrq1 Wkhvh hvwlpdwruv zhuh lqwurgxfhg e| Pÿoohu E�bb2� zlwk f| ' ~| '
|
A
1
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Dw srlqwv ri frqwlqxlw| ri 7 E~�/ doo wkuhh hvwlpdwruv Ee6 E5� c e6n E5� c e63 E5�� zloo frqyhujh

wr wkh vdph ydoxh/ 6 E5� � Dw srlqwv zkhuh 7 E~� lv qrw frqwlqxrxv/ doo wkuhh hvwlpdwruv zloo

frqyhujh wr gl�huhqw ydoxhv zlwk e6 E5� lqfrqvlvwhqw lq wklv fdvh1

Ghfrpsrvh wkh frqglwlrqdo yduldqfh dv=

�| ' �@o E+|mI|3�� ' .
�
+2| mI|3�

�� i. d+|mI|3�oj2 +:,

zkhuh I|3� lv wkh vljpd0�hog jhqhudwhg e| sdvw lqirupdwlrq dqg hvwlpdwh hdfk whup e|

ohiw0vlghg dqg uljkw0vlghg nhuqho hvwlpdwhv1 Wkh dssursuldwh hvwlpdwru lv=

e�� E5� '

SA

|'�g
�
�

h~|35
K

�
+2|SA

|'�g
�

�
h~|35
K

� �
;?=
SA

|'�g
�
�

h~|35
K

�
+|SA

|'�g
�

�
h~|35
K

�
<@>

2

+;,

'
e��
2 E5�es E5� �

% e��
� E5�es E5�

&2
' e6�

2 E5��
� e6�

� E5�
�2

Iru wkh uhpdlqghu ri wkh sdshu/ wkh 	 qrwdwlrq uhihuv wr wkh uljkw0vlgh ru ohiw0vlgh hvwlpdwh

dv dssursuldwh1 Wkh wzr0vlghg yhuvlrq ri wklv hvwlpdwru kdv ehhq dqdo|}hg e| Pdvu| dqg

Wmrvwkhlp E�bbD�1 Wkh ehkdylru ri hdfk ri e6�
2 E5� dqg e6�

� E5� lv rewdlqhg gluhfwo| iurp

Ghojdgr dqg Klgdojr E�bbS�1 Wkh dv|pswrwlf glvwulexwlrq ri e�� E5� krzhyhu lv frpsolfdwhg
e| wkh fruuhodwlrq ehwzhhq wkh wzr whupv dqg zloo eh ghulyhg ehorz1

Gh�qh wkh surfhvv=

e{E5� ' e�n E5�� e�3 E5� � +<,

Wkh iudphzrun lv dssolfdeoh wr pxowlsoh mxpsv/ dqg wkhvh fdq eh hvwlpdwhg vhtxhqwldoo|1

Vxssrvh wkdw wkhuh duh � mxpsv/ zlwk � nqrzq/ dq dvvxpswlrq zh zloo uhod{ odwhu1 Wkdw

lv/

7 E~� ' {f n{� E~| � 5�� n � � �n{� E~| � 5��

zlwk {� : � � � : {� zlwkrxw orvv ri jhqhudolw|1 Gh�qh wkh hvwlpdwh wkh �uvw mxps srlqw dve5� '@h}4@ 
5M'

ke{E5�
l2

zkhuh ' ' d5c 5o iru vrph 5c 5 5 �?| E�� c wkh vdpsoh vsdfh ri ~� Diwhu

wkh �uvw mxps lv hvwlpdwhg e| e5�/ wkh hvwlpdwh ri wkh vhfrqg mxps srlqw lv rewdlqhg lq d
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vlplodu idvklrq/ exw gxh wr wkh xqfhuwdlqw| lq wkh h{dfw ydoxh ri 5�/ lw lv qhfhvvdu| wr wulp wkh

lqwhuydo ryhu zklfk zh vhdufk iru wkh qh{w mxps1 Dq doprvw vxuh erxqg ghulyhg e| \lq E�bHH�

lv xvhg wr suhyhqw wkh suhvhqfh ri dqrwkhu mxps lq wkh ylflqlw| ri dq hvwlpdwhg mxps1 Zkhq

hvwlpdwlqj wkh &|� mxps/ zh vhdufk ryhu '& ' '�V&3�
�'� '� zlwk '� ' de5� � 2Kc e5� n 2Ko1 Wkh

glvwulexwlrq ri wkh uhvxowlqj hvwlpdwhv lv vxppdul}hg lq wkh iroorzlqj wkhruhp=

Wkhruhp 4 Xqghu dvvxpswlrqv D40D6 dqg E40E8 ri Ghojdgr dqg Klgdojr E�bbS�/ zlwk e5&
5 �?|

�
'&

�
c

E��
�
AKR3�

� �

2 Ee5& � 5&�
_$ �

3ECfc
�E��7 E5&�

{� E5&�
2
k
&3E�� Ef�

l2
s E5&�

4FD
E���

�
AKRn�

� �

2

�e{� Ee5&��{� E5&�
�

_$ �

�
fc

�Ef�7 E5&�

s E5&�

�
dqg e5�c e52c � � � c e5� duh lqghshqghqw> zkhuh

&3E��ED� lv wkh �uvw ghulydwlyh ri wkh ohiw0kdqg nhuqho dw Dc

s E5&� lv wkh ghqvlw| ri f zlwk ~ ' 5&c

�E?� '
U k

g3
E?� E��

l2
_�/ wkh lqwhjudo ri wkh ?|� ghulydwlyh ri wkh ohiw0kdqg nhuqho/

7 E5&� '
��
j22n E5&� n j223 E5&�

�
n e6n

� E5&�
2 �

j2�n E5&� n j2�3 E5&�
�� e6n

� E5&�M E5&�
�
c

j2� E5&� wkh ohiw0vlgh dqg uljkw0vlgh yduldqfh ri �| dw 5&c dqg

M E5&� ' .
�
�n� E5&��

n
2 E5&�

�
n.

�
�3� E5&� �

3
2 E5&�

�
n.

�
�n� E5&�6

n
2 E5&�

�
n.

�
�3� E5&�6

3
2 E5&�

�
n.

�
�n2 E5&�6

n
� E5&�

�
n.

�
�32 E5&�6

3
� E5&�

�
�

Qrwh wkdw wkh udwh ri frqyhujhqfh lq wkh suhylrxv wkhruhp lv vorzhu wkdq wkh
s
A udwh

rewdlqhg lq sdudphwulf prghov1 4 Krzhyhu/ lq frqwudvw wr sdudphwulf prghov +vhh Edl E�bb.�

dqg Edl dqg Shuurq E�bbH��/ wkh devhqfh ru suhvhqfh ri rwkhu mxpsv grhv qrw fkdqjh wkh

ehkdylru ri wkh euhdn srlqw hvwlpdwhv1 Wklv lv gxh wr wkh orfdo qdwxuh ri nhuqho hvwlpdwlrq1

Qrwlfh wkdw li zh duh uhdg| wr dvvxph wkdw wkh phdq ixqfwlrq grhv qrw kdyh dq| glv0

frqwlqxlw|/ wkh sureohp vlpsol�hv vlqfh wkh hvwlpdwhv ri wkh phdq fdqfho rxw iurp e{�E5� li

4
Ordghu +4<<9, ghyhorsv dq dowhuqdwlyh surfhgxuh zklfk dfklhyhv frqyhujhqfh dw udwh

s
W = Krzhyhu/ wklv

uhtxluhv sxwwlqj qrq0}hur zhljkw rq wkh fxuuhqw revhuydwlrq zklfk lv xqghvludeoh lq wklv fdvh1 Vhh Sdjdq dqg

Krqj +4<<4, iru wklv srlqw1
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e6n
� ' e63

� ' e6�� Lq wklv vlwxdwlrq/ zh fdq orrn iru mxpsv lq wkh frqglwlrqdo yduldqfh e|

orrnlqj iru mxpsv lq +2| rqo| vlqfh e{� E5� ' e6n
2 E5�� e63

2 E5� zklfk grhv qrw ghshqg rq wkh

phdq dqg xvh wkh uhvxowv lq Ghojdgr dqg Klgdojr E�bbS� gluhfwo|1 Dq dowhuqdwlyh dssurdfk

wr ghdolqj zlwk wkh phdq lv wr xvh d sdudphwulf prgho/ vxfk dv rqh iurp wkh DUPD fodvv

ru d Pdunry0vzlwfklqj prgho1 Lq wklv fdvh dovr/ wkh glvwulexwlrq ri e{� E5� dqg e5& grhv qrw
ghshqg rq wkh hvwlpdwhg phdq vlqfh wkh sdudphwulf hvwlpdwhv ri wkh phdq zloo frqyhujh dw

d idvwhu udwh wkdq wkh qrq0sdudphwulf hvwlpdwhv ri wkh kljkhu prphqwv1

Lq wkh fdvh ri �qdqfldo uhwxuqv/ zh fdq rewdlq pruh suhflvh irupxodv1 Ghfrpsrvh uhwxuqv

dv xvxdo dv=

+| ' 6� Ef|� n �
�

2

| 0| +43,

� 6�Ef|� n ��| +44,

zkhuh 0| lv dvvxphg ����_� Efc �� dqg lqghshqghqw ri �| ' .|3� d�
2
�|o ' . d�2�|mI|3�o c wkh

frqglwlrqdo yduldqfh ri +|1 Wkh irupxodv iurp wkhruhp 4 lq wklv vshfldo fdvh duh frqwdlqhg lq

wkh iroorzlqj fruroodu|=

Fruroodu| 5 Lq prgho E�f�/

7 E5&� '
�
�n E5&�

2 n �3 E5&�
2�
.
�
0e| � �

�� eh{� E5&��
3 E5&�

�

2 .
�
0�|
�� eh{2

� E5&��
3 E5&�

zkhuh h{� E5&� ' 6n
� E5&��63

� E5&� �

Wklv fruroodu| doorzv xv wr frqvwuxfw soxj0lq hvwlpdwhv ri wkh vwdqgdug huuruv ri erwk wkh

mxps srlqwv dqg wkh mxps vl}hv1

Lq wkh suhylrxv uhvxowv/ wkh qxpehu ri mxpsv/ � / zdv dvvxphg wr eh nqrzq/ d vlwxdwlrq

xqolnho| lq sudfwlfh1 Wkhruhp 4 ohdgv wr d vxs whvw iru wkh suhvhqfh ri � mxpsv djdlqvw rqo|

� � �� Gh�qh wkh vwdwlvwlf

ew� 't�T
^M'�

����� e{� E^� s E^�

7 E^� �Ef�

����� +45,

Wklv lv vlpso| wkh odujhvw ydoxhv ri wkh w0vwdwlvwlf iru wkh k|srwkhvlv {� E5�� ' f1 Wkh

glvwulexwlrq ri wkh whvw lv=
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Wkhruhp 6 Xqghu wkh vdph dvvxpswlrqv dv lq wkhruhp 4 dqg
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D vwrsslqj uxoh pxvw wkhq eh fkrvhq1 D srvvlelolw| lv wr vwrs li wkh s�ydoxh ri wkh deryh

whvw lv juhdwhu wkdq d suhghwhuplqhg vljql�fdqfh ohyho1 Xqiruwxqdwho|/ wklv surfhgxuh zloo qrw

frqvlvwhqwo| hvwlpdwh � / vlqfh dw hdfk vwhs wkhuh lv dozd|v d srvlwlyh suredelolw| ri uhmhfwlqj

wkh qxoo k|srwkhvlv uhjdugohvv ri vdpsoh vl}h1 Wkxv/ zkhq wkh surfhgxuh duulyhv dw vwdjh

� n �/ wkh whvw ri � n � yhuvxv � mxpsv jlyhv d qrq0}hur suredelolw| ri qrw uhmhfwlqj wkh

dgglwlrqdo mxps/ qr pdwwhu krz odujh wkh vdpsoh vl}h lv1 Wkxv/ wklv surfhgxuh zloo ryhuvwdwh

wkh qxpehu ri mxpsv vhohfwhg1 Krzhyhu/ lq sudfwlfh/ wkh suredelolw| ri ryhuvshfli|lqj wkh

qxpehu ri mxpsv zloo jr grzq yhu| txlfno|1 Iru d vljql�fdqfh ohyho k iru wkh whvwv/ wkh

suredelolw| ri ryhuvshfli|lqj wkh qxpehu ri mxpsv e| � lv k�� Dw xvxdo vljql�fdqfh ohyhov/ wklv

jrhv wr }hur yhu| txlfno|1 Dq dowhuqdwlyh zrxog eh wr ohw k dssurdfk }hur dw dq dssursuldwh

udwh1

Wkh whfkqltxh suhvhqwhg khuh vx�huv iurp reylrxv gudzedfnv1 Ehfdxvh lw uhtxluhv wkh

ghohwlrq ri d odujh qxpehu ri revhuydwlrqv durxqg wkh hvwlpdwhg mxps srlqwv/ wkh surfhgxuh

zloo qrw eh deoh wr ghwhfw mxpsv wkdw duh forvh wr hdfk rwkhu ru wkdw duh txlfno| uhyhuvhg1

Lw vkrxog eh pruh dsw dw ghwhfwlqj orqj0odvwlqj uhjlph fkdqjhv1 Lq dgglwlrq/ wkh surfhgxuh

dvvxphv wkdw C E+|� fdq eh uhsuhvhqwhg e| d ixqfwlrq ri ihz frqglwlrqlqj yduldeohv1 Wklv

pljkw qrw eh uhdolvwlf vlqfh fhuwdlq sdudphwulf prghov/ vxfk dv JDUFK/ lpso| wkdw +2| lv d

ixqfwlrq ri lwv lq�qlwh sdvw1 Li vxfk d prgho lv fruuhfw/ wkhq rxu qrq0sdudphwulf hvwlpdwru

pd| qrw surylgh d vdwlvidfwru| ghvfulswlrq ri wkh ehkdylru ri wkh frqglwlrqdo yduldqfh1 Li d

ihz odjv duh qrw vx!flhqw wr uhgxfh �| wr d pduwlqjdoh gl�huhqfh vhtxhqfh/ wkh dv|pswrwlf

wkhru| rq zklfk lqihuhqfhv duh edvhg zloo eh lqydolg1

:



6 Vlpxodwlrq Uhvxowv

Lq wklv vhfwlrq/ zh zloo suhvhqw uhvxowv iurp d olplwhg vlpxodwlrq h{shulphqw1 Vshfl�fdoo|/ zh

zdqw wr orrn dw wkh qxpehu ri mxpsv irxqg/ erwk fruuhfwo| dqg lqfruuhfwo|/ wkh vhqvlwlylw|

ri wkh uhvxowv wr wkh ydulrxv fkrlfhv ri wkh sdudphwhuv/ qrwdeo| wkh edqgzlgwk dqg wkh odj

ohqjwk/ dqg wkh ehkdylru ri wkh hvwlpdwhg mxpsv1

Wr pdnh wkh h{shulphqw dv uhdolvwlf dv srvvleoh/ zh xvh wkh frpprqo|0xvhg JDUFK E�c ��

prgho=

+| ' >n �
�
2
| 0|

�| ' /| E�� k� q� n k E+|3� � >�2 n q�|3��

Wkh ydoxhv ri wkh sdudphwhuv duh vhw dw wkrvh hvwlpdwhg iurp wkh gdwd vhw xvhg lq wkh

hpslulfdo dssolfdwlrq lq wkh qh{w vhfwlrq1 Vshfl�fdoo|/ wkh gdwd vhw lv pdgh xs ri 75<< gdlo|

frqwlqxrxvo|�frpsrxqghg uhwxuqv rq wkh Vwdqgdug dqg Srruv 833 lqgh{ ehwzhhq Mdqxdu|

5qg/ 4<;3 dqg Ghfhpehu 64vw/ 4<<91 Wkh gdwd lv sorwwhg lq �jxuh 41

----- Lqvhuw �jxuh 4 khuh -----

Zh doorz wzr vhwv ri sdudphwhuv/ rqh wr yhuli| wkh vl}h ri wkh surfhgxuh dqg rqh wr yhuli|

lwv srzhu1 Lq sduwlfxodu/ wkh �uvw vhw ri sdudphwhuv pdnhv /| d frqvwdqw zlwk qr mxps dqg

uhpryhv doo g|qdplfv lq �| Ek ' q ' f� � Wkh vhfrqg vhw ri sdudphwhuv doorzv iru wzr mxpsv

lq /|=

/| ' {f n{��

�
|

A
� ��

�
n{2�

�
|

A
� � 2

�
Wkh ydoxhv ri wkh hvwlpdwhg sdudphwhuv duh lq wdeoh 41

----- Lqvhuw wdeoh 4 khuh -----

Zlwk hdfk ri wkhvh vhwv ri sdudphwhu ydoxhv/ wkh frqglwlrq iru +| wr kdyh �qlwh irxuwk

prphqw lv vdwlv�hg1 Wkh glvwulexwlrq ri 0| lv wdnhq dv � Efc �� c dqg wkh vdpsoh vl}h lv

A ' �fff� Zh uhsolfdwh wkh h{shulphqwv 833 wlphv1

;



Wkh edqgzlgwk lv fkrvhq dv K� ' Sej�A 3�
RnD zkhuh S lv wkh edqgzlgwk frqvwdqw/ ej� lv wkh

hvwlpdwhg vwdqgdug ghyldwlrq ri yduldeoh �c A lv wkh vdpsoh vl}h/ dqg R lv wkh odj ohqjwk1 Zh

doorz iru wkuhh ydoxhv ri S G 31;/ 4/ dqg 4151 Pruhryhu/ zh dqdo|}h d gdwd0ghwhuplqhg vhohfwlrq

uxoh e| plqlpl}lqj d yduldwlrq ri wkh furvv0ydolgdwlrq fulwhulrq=
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2| , lv wkh uljkw vlgh +uhvshfwlyho| ohiw vlgh, hvwlpdwh ri .|3� E+
2
| � �

Wklv fulwhulrq xvhv rqo| wkh �w rq wkh vhfrqg prphqw ri +| wr fkrrvh wkh edqgzlgwk1 Zh

frxog jhqhudol}h wklv fulwhulrq wr lqfoxgh wkh �w lq wkh �uvw prphqw dv zhoo/ exw wkh gl�huhqfh

ehwzhhq wkh wzr fulwhuld zdv xvxdoo| qrw yhu| lpsruwdqw1 Wkh edqgzlgwk frqvwdqw lv doorzhg

wr ydu| ehwzhhq 31; dqg 415 zlwk d vwhs ri 3141 Ilqdoo|/ wkh rqh0vlghg nhuqho lv &nE%� '

% E�� %� e3%� E% � f�/ zkloh wkh wzr0vlghg nhuqho lv Jdxvvldq1 Doo whvwv duh fduulhg rxw dw

wkh 8( vljql�fdqfh ohyho zlwk qrupdolw| lpsrvhg dqg whq shufhqw ri wkh revhuydwlrqv duh

ghohwhg dw wkh ehjlqqlqj dqg hqg ri wkh vdpsoh1

Wkh uhvxowv iru wkh prgho zlwk frqvwdqw yduldqfh duh suhvhqwhg lq wdeoh 5 dqg �jxuh

51 Hdfk froxpq ri wdeoh 5 suhvhqwv wkh iuhtxhqf| glvwulexwlrq ri wkh hvwlpdwhg qxpehu

ri mxpsv iru hdfk frpelqdwlrq ri odj ohqjwk dqg edqgzlgwk frqvwdqw1 Hdfk fhoo jlyhv wkh

iudfwlrq ri uhsolfdwlrqv zkhuh wkh hvwlpdwhg qxpehu ri euhdnv htxdohg wkh qxpehu lq wkh

ohiw pdujlq1 Wkh uhvxowv duh h{fhoohqw iru d vpdoo qxpehu ri odjv lq wkdw ihz mxpsv duh

huurqhrxvo| ghwhfwhg iru dq| ydoxh ri odj ohqjwk dqg edqgzlgwk frqvwdqw1 Krzhyhu/ wkh

wdeoh vwuhvvhv wkh lpsruwdqfh ri qrw ryhuvshfli|lqj wkh lqirupdwlrq vhw dv wklv ghwhulrudwhv

wkh uhvxowv gudpdwlfdoo| dv wkh lqirupdwlrq vhw lv h{sdqghg1 Wkh vhfrqg urz iurp wkh erwwrp

vkrzv wkdw wkh qxpehu ri lqfrpsohwh uhsolfdwlrqv lv yhu| vpdoo1 Wzr uhdvrqv h{sodlq dq

�Lqfrpsohwh�= �uvw/ diwhu ghohwlqj revhuydwlrqv durxqg wkh hvwlpdwhg mxpsv/ hlwkhu qr ru wrr

olwwoh gdwd lv ohiw iru wkh whvw wr eh frpsxwhg/ ru vhfrqgo|/ es lv wrr vpdoo iru doo revhuydwlrqv1

Qrwh dovr wkdw furvv0ydolgdwlrq khosv lq lpsurylqj wkh uhvxowv dw doo odjv/ exw lq sduwlfxodu

iru wkh odujhu qxpehuv ri odjv1

----- Lqvhuw wdeoh 5 khuh -----

<



Wkh uhvxowv iru wkh vhfrqg gdwd0jhqhudwlqj surfhvv duh suhvhqwhg lq wdeoh 6 dqg �jxuhv 6

dqg 71 Lq wklv fdvh/ wkh �uvw ihdwxuh wr qrwlfh lq wdeoh 6 lv wkh odujh qxpehu ri uhsolfdwlrqv

wkdw zhuh �lqfrpsohwh� iru R : f� Krzhyhu/ zlwk dw ohdvw rqh odjjhg uhwxuq lqfoxghg lq wkh

frqglwlrqlqj vhw/ wkh qxpehu ri mxpsv irxqg lv uhodwlyho| forvh wr wkh wuxh rqh rq dyhudjh1

Qrwh dovr wkdw furvv ydolgdwlrq jhqhudoo| uhgxfhv wkh qxpehu ri lqfrpsohwh uhsolfdwlrqv1

Iljxuh 6 vkrzv wkh vdph lqirupdwlrq lq judsklfdo irup zlwk wkh edqgzlgwk fkrvhq e| furvv

ydolgdwlrq1 Iru R : �c wkh glvwulexwlrq lv zhoo0fhqwhuhg dv wkh g|qdplfv ri wkh frqglwlrqdo

yduldqfh duh ehwwhu fdswxuhg1

----- Lqvhuw wdeoh 6 khuh -----

----- Lqvhuw �jxuh 6 khuh -----

----- Lqvhuw �jxuh 7 khuh -----

Iljxuh 7 glvsod|v d klvwrjudp ri wkh hvwlpdwhg orfdwlrq ri wkh mxpsv zlwk furvv0ydolgdwhg

edqgzlgwk1 Wkh mxpsv duh orfdwhg dw iudfwlrqv 316959 dqg 31:379 ri wkh vdpsoh1 Wkh vhfrqg

mxps lv wkh grplqdqw rqh dqg vkrxog eh hvwlpdwhg �uvw1 Wkh �jxuh vxssruwv wklv dvvhuwlrq/

exw wkh mxps dw 316959 lv srruo| hvwlpdwhg1 Wkhuh lv pxfk pdvv qhdu wkh erxqgdu| ri wkh

vdpsoh vsdfh +314, zklfk pd| uh hfw erxqgdu| h�hfwv dvvrfldwhg zlwk nhuqho hvwlpdwlrq1

Rxu frqfoxvlrq iurp wkhvh wzr vpdoo h{shulphqwv lv wkdw wkh surfhgxuh shuirupv uhdvrq0

deo| zhoo lq hvwlpdwlqj wkh qxpehu ri mxpsv lq d gdwd vhw1 Lw/ krzhyhu/ kdv d whqghqf| wr uxq

rxw ri revhuydwlrqv txlfno| dqg wr hvwlpdwh wkh vhfrqg +dqg suhvxpdeo| vxevhtxhqw, mxpsv

lpsuhflvho|1 Wkh xvh ri furvv0ydolgdwlrq lpsuryhv wkh uhvxowv qrwlfhdeo| dqg vkrxog eh xvhg

lq sudfwlfdo lpsohphqwdwlrq ri wkh surfhgxuh1

7 Hpslulfdo Uhvxowv

Lq wklv vhfwlrq/ zh zloo dsso| rxu mxps ghwhfwlrq surfhgxuh wr wkh vhulhv ri gdlo| uhwxuqv rq

wkh V)S 833 lqgh{ ehwzhhq Mdqxdu| 5qg/ 4<;3 dqg Ghfhpehu 64vw/ 4<;9 xvhg wr fdoleudwh

wkh vlpxodwlrq h{huflvh deryh1 Wkh gdwd vhw frpsulvhv 75<< revhuydwlrqv1
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Wkh ghwhfwlrq surfhgxuh lv lpsohphqwhg lq wkh vdph zd| dv iru wkh vlpxodwlrq h{shulphqw

zlwk xs wr 6 odjv lq wkh lqirupdwlrq vhw1 Wkh prphqwv . E0�| � dqg . E0e| � �� duh hvwlpdwhg

e| xvlqj d wzr0vlghg nhuqho ryhu wkh gdwd uhpdlqlqj diwhu ghohwlqj wzlfh wkh edqgzlgwk rq

hdfk vlgh ri wkh fxuuhqwo| hvwlpdwhg mxps1 Wkh xvh ri wkh wzr0vlghg nhuqho surylghg pruh

uholdeoh hvwlpdwhv ri wkhvh prphqwv1

Wdeoh 7 jlyhv wkh uhvxowv iru 7 odj ohqjwkv frqvlghuhg zlwk wkh edqgzlgwk fkrvhq e| rxu

prgl�hg yhuvlrq ri furvv ydolgdwlrq1 Ixoo uhvxowv iru rwkhu fkrlfhv ri edqgzlgwk duh dydlodeoh

xsrq uhtxhvw iurp wkh dxwkru1 Dv lq wkh vlpxodwlrq h{shulphqw/ zh doorzhg wkh frqvwdqw wr

ydu| ehwzhhq 31; dqg 415 lq lqfuhphqwv ri 3141 Wkh uhvxowv duh txlwh lqwhuhvwlqj lq wzr zd|v=

�uvw/ wkh surfhgxuh glg qrw uxq rxw ri revhuydwlrqv dw doo odjv/ dqg vrph mxps gdwhv vhhp

wr eh uhfxuulqj/ lq sduwlfxodu odwh 4<;50plg 4<;6/ odwh 4<;9/ dqg Dxjxvw 4<<31

----- Lqvhuw wdeoh 7 khuh -----

Wkh mxps lq odwh 4<;9 rffxuv d ihz prqwkv ehiruh wkh Rfwrehu 4<;: fudvk dqg vhhpv

txlwh qdwxudo/ dv grhv wkh Dxjxvw 4<<3 mxps zklfk frlqflghv zlwk Ludt*v lqydvlrq ri Nxzdlw1

8 Frqfoxvlrq

Wklv sdshu kdv ghyhorshg d qrq0sdudphwulf surfhgxuh wr whvw iru wkh suhvhqfh ri glvfrqwlqx0

lwlhv lq wkh frqglwlrqdo yduldqfh1 Vlpxodwlrq hylghqfh vkrzhg wkdw wkh surfhgxuh shuirupv

zhoo lq ghwhfwlqj mxpsv zkhq vrph h{lvw dqg zloo qrw �qg pdq| zkhq qrqh h{lvw li wkh

g|qdplfv duh dssur{lpdwho| zhoo0vshfl�hg1

Uhvxowv iurp dq dssolfdwlrq wr gdlo| vwrfn uhwxuqv vkrz wkdw vrph vxgghq fkdqjhv lq

yrodwlolw| rffxuuhg ryhu wkh vdpsoh shulrg1 Wkh �qglqjv wkdw wkh yrodwlolw| ri �qdqfldo

pdunhwv fdqqrw eh ghvfulehg dv d vprrwk ixqfwlrqv ri odjjhg uhwxuqv fdvwv grxewv rq wkh

sudfwlfh ri �wwlqj JDUFK0w|sh prghov1 Lw uhpdlqv wr eh hydoxdwhg krz pxfk lv orvw e|

qhjohfwlqj wr prgho wklv ihdwxuh ri wkh gdwd1 Lw pd| yhu| zhoo eh wkdw JDUFK prghov vwloo

surylgh d jrrg �uvw dssur{lpdwlrq wr wkh ehkdylru ri wkh gdwd1 Wklv zloo eh ohiw iru ixwxuh

uhvhdufk h�ruwv1
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Dqdo|vlv/ 7/ 4;8053:1
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D Surriv

D14 Surri ri wkhruhp 4
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Table 2. Frequency distribution of estimated number of jumps

ht � 9.0109� 10"5

True number of jumps is 0

T � 1000, 500 replications

p � 0 p � 1 p � 2 p � 3

c � 0.8 1 1.2 cv c � 0.8 1 1.2 cv c � 0.8 1 1.2 cv c � 0.8 1 1.2 cv

M � 0 100.0 100.0 100.0 100.0 11.2 39.2 61.8 69.2 0.0 2.6 31.6 32.6 0.0 0.6 16.0 17.4

1 0.0 0.0 0.0 0.0 20.8 23.2 20.4 23.0 1.6 20.4 28.0 38.0 0.0 9.4 32.2 34.8

2 0.0 0.0 0.0 0.0 28.0 23.0 14.8 6.8 16.2 55.4 37.0 25.8 25.0 72.4 50.4 46.4

3 0.0 0.0 0.0 0.0 23.0 12.6 3.0 1.0 66.8 21.6 3.4 3.6 70.4 17.6 1.4 1.4

4 0.0 0.0 0.0 0.0 15.6 2.0 0.0 0.0 15.4 0.0 0.0 0.0 4.6 0.0 0.0 0.0

u 5 0.0 0.0 0.0 0.0 1.4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Incomplete 0.0 0.0 0.0 0.0 25.0 15.8 11.0 4.0 81.6 55.5 33.8 22.2 90.6 76.2 51.4 44.4

Mean 0.000 0.000 0.000 0.000 2.152 1.150 0.590 0.396 2.960 1.960 1.122 1.004 2.796 2.070 1.372 1.318



Table 3. Frequency distribution of estimated number of jumps

ht � Ft�1 " ) " *  � 0.0684�yt"1 " 6 
2
� 0.8886ht"1

Ft �  0 �  11 t
T u A1 �  21 t

T u A2

True number of jumps is 2

T � 1000, 500 replications

p � 0 p � 1 p � 2 p � 3

c � 0.8 1 1.2 cv c � 0.8 1 1.2 cv c � 0.8 1 1.2 cv c � 0.8 1 1.2 cv

M � 0 53.0 46.6 27.6 28.6 0.8 1.2 0.2 0.4 0.0 0.0 0.0 0.4 0.0 0.0 0.0 0.2

1 13.0 23.8 45.8 43.4 8.4 13.6 20.8 19.0 2.0 12.2 20.4 21.6 1.6 10.2 33.8 32.4

2 5.4 6.4 12.8 12.0 13.2 30.8 52.2 53.8 16.6 53.8 64.0 66.6 33.8 74.6 63.0 62.6

3 6.2 14.8 13.4 8.2 32.2 45.2 26.8 25.8 58.4 33.6 15.6 11.2 59.6 15.2 3.2 4.8

4 10.2 8.2 0.4 4.8 40.4 9.2 0.0 1.0 23.0 0.4 0.0 0.2 5.0 0.0 0.0 0.0

u 5 12.2 0.2 0.0 3.0 5.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Incomplete 15.4 16.4 14.2 7.6 63.0 61.6 64.6 66.8 80.2 75.2 76.6 72.2 88.8 83.2 73.6 75.4

Mean 1.442 1.148 1.132 1.262 3.180 2.476 2.056 2.080 3.024 2.222 1.952 1.892 2.680 2.050 1.694 1.720



Table 4. Results from estimation of jumps in conditional variance

S&P 500 returns, January 2nd, 1980-December 31st, 1996

Bandwidth constant chosen by cross-validation

p � 0 1 2 3

Date Size��107  p-value Date Size��104  p-value Date Size��104  p-value Date Size��103  p-value

�0.4099 
861218 6.878 0.001

�0.3829 
860707 32.786 0.000

�0.4652 
871127 129.787 0.000

�0.6229 
900803 25.152 0.000

�0.5399 
890307 -0.452 0.013

�0.6262 
900823 -20.709 0.000

�0.6988 
911115 -0.038 0.012

�0.1800 
830121 -3.358 0.421

�0.2038 
830617 2.712 0.536

�0.7720 
930216 4.099 0.000

�0.1549 
820819 0.184 0.358

�0.1703 
821122 -0.066 0.184

c � 1.2 0.9 1.2 1.1










