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RÉSUMÉ

Nous étudions la relation entre la prime de risque sur l'indice S&P 500 et sa

variance conditionnelle. Nous utilisons le modèle SMEGARCH - Semiparametric-Mean

EGARCH - selon lequel la variance conditionnelle suit un processus EGARCH, alors que

la moyenne est une fonction arbitraire de la variance conditionnelle. Pour les rendements

excédentaires mensuels sur l'indice S&P 500, la relation que nous trouvons est

non linéaire et non monotone. De plus, nous trouvons beaucoup de persistance dans la

variance conditionnelle ainsi qu'un effet de levier, tel que documenté par plusieurs autres

auteurs.

Mots clés : modèles ARCH, évaluation d'actifs, séries Fourier, noyau, prime de risque

ABSTRACT

We examine the relationship between the risk premium on the S&P 500 index

return and its conditional variance. We use the SMEGARCH - Semiparametric-Mean

EGARCH - model in which the conditional variance process is EGARCH while the

conditional mean is an arbitrary function of the conditional variance. For monthly S&P 500

excess returns, the relationship between the two moments that we uncover is nonlinear

and nonmonotonic. Moreover, we find considerable persistence in the conditional variance

as well as a leverage effect, as documented by others.  Moreover, the shape of these

relationships seems to be relatively stable over time.

Key words : ARCH models, asset pricing, backfitting, Fourier series, kernel, risk premium



4 Lqwurgxfwlrq

Prghuq dvvhw sulflqj wkhrulhv vxfk dv Deho +4<;:/ 4<<;,/ Fr{/ Lqjhuvroo/ dqg Urvv +4<;8,/ Phuwrq +4<:6,/

dqg Jhqqrwwh dqg Pduvk +4<;;, lpso| uhvwulfwlrqv rq wkh wlph vhulhv surshuwlhv ri h{shfwhg uhwxuqv

dqg frqglwlrqdo yduldqfhv rq pdunhw djjuhjdwhv1 Wkhvh uhvwulfwlrqv duh jhqhudoo| txlwh frpsolfdwhg/

ghshqglqj rq xwlolw| ixqfwlrqv dv zhoo dv rq wkh surfhvv gulylqj dvvhw uhwxuqv1 Krzhyhu/ lq dq lq xhqwldo

sdshu Phuwrq +4<:6, rewdlqhg yhu| vlpsoh uhvwulfwlrqv doehlw xqghu vrphzkdw gudvwlf dvvxpswlrqv> kh

vkrzhg lq wkh frqwh{w ri d frqwlqxrxv wlph sduwldo htxloleulxp prgho wkdw

>6| ' .dEo6| � os|�mU|3�o ' ��@hdEo6| � os|�mU|3�o ' �j26|c +4,

zkhuh o6|/ os| duh wkh uhwxuqv rq wkh pdunhw sruwirolr dqg ulvnohvv dvvhw uhvshfwlyho|/ zkloh U|3� lv wkh

pdunhw zlgh lqirupdwlrq dydlodeoh dw wlph |� �1 Wkh frqvwdqw � lv wkh Duurz�Sudww phdvxuh ri uhodwlyh

ulvn dyhuvlrq1

Wkh vlpsolflw| ri wkh deryh uhvwulfwlrqv dqg wkhlu dssduhqw frqjuxhqfh zlwk wkh ruljlqdo FDSP uh0

vwulfwlrqv +vhh Vkdush +4<97, dqg Olqwqhu +4<98,, kdv prwlydwhg d odujh qxpehu ri hpslulfdo vwxglhv wkdw

whvw vrph yduldqw ri wklv uhvwulfwlrq1 D frqyhqlhqw vwdwlvwlfdo iudphzrun iru h{dplqlqj wkh uhodwlrqvkls

ehwzhhq wkh txdqwlwlhv >| dqg j2| lq �qdqfldo glvfuhwh wlph vhulhv lv wkh DUFK fodvv ri prghov14 Hqjoh/

Ololhq/ dqg Urelqv +4<;:, h{dplqhg wkh uhodwlrqvkls ehwzhhq jryhuqphqw erqgv ri gl�huhqw pdwxulwlhv

xvlqj wkh DUFK�P prgho lq zklfk wkh huuruv iroorz dq DUFKER� surfhvv dqg >| ' >Ej2| � iru vrph

sdudphwulf ixqfwlrq >E��1 Wkh| h{dplqhg > ' �fn ��j| dqg > ' �fn �� *L}Ej
2
| �/ �qglqj wkdw wkh odwwhu

vshfl�fdwlrq surylghg wkh ehwwhu �w1 Iuhqfk/ Vfkzhuw/ dqg Vwdpedxjk +4<;:, dqg Qhovrq +4<<4, dovr

h{dplqh wklv uhodwlrqvkls xvlqj JDUFK prghov1

Jhqqrwwh dqg Pduvk +4<;<, dujxh wkdw wkh olqhdu uhodwlrqvkls +4, vkrxog eh uhjdughg dv d yhu|

vshfldo fdvh1 Wkh| frqvwuxfw d jhqhudo htxloleulxp prgho ri dvvhw uhwxuqv dqg ghulyh wkh htxloleulxp

uhodwlrqvkls

>| ' �j2| n }Ej2| �c +5,

zkhuh wkh irup ri }E�� ghshqgv rq suhihuhqfhv dqg rq wkh sdudphwhuv ri wkh glvwulexwlrq ri dvvhw

uhwxuqv1 Li wkh uhsuhvhqwdwlyh djhqw kdv orjdulwkplf xwlolw|/ wkhq } � f dqg wkh vlpsoh uhvwulfwlrqv

ri Phuwrq shuwdlq1 Lq dgglwlrq/ Edfnxv/ Juhjru|/ dqg ]lq +4<;<, dqg Edfnxv dqg Juhjru| +4<<6,

4Wkh wzr zhoo0hvwdeolvkhg hpslulfdo uhjxodulwlhv derxw �qdqfldo dqg pdfurhfrqrplf wlph vhulhv � vhuldoo| ghshqghqw

frqglwlrqdo vhfrqg prphqwv dqg xqfrqglwlrqdo ohswrnxuwrvlv � fdq srwhqwldoo| eh h{sodlqhg e| wklv fodvv ri prghov � vhh

wkh ruljlqdo sdshuv e| Hqjoh +4<;5, dqg wkh vxuyh| sdshuv ri Eroohuvohy/ Fkrx/ dqg Nurqhu +4<<5, dqg Eroohuvohy/ Hqjoh/

dqg Qhovrq +4<<7, iru uhihuhqfhv1

4



surylgh vlpxodwlrq hylghqfh wkdw/ }E�� dqg khqfh >E�� frxog eh ri duelwudu| ixqfwlrqdo irup lq jhqhudo

htxloleulxp1

Sdjdq dqg Krqj +4<<3, dujxh wkdw wkh ulvn suhplxp >| dqg wkh frqglwlrqdo yduldqfh j2| duh kljko|

qrqolqhdu ixqfwlrqv ri wkh sdvw zkrvh irup lv qrw fdswxuhg e| vwdqgdug sdudphwulf JDUFK�P prghov1

Wkh| hvwlpdwh .do6|�os|mU|3�o dqg �@hdo6|�os|mU|3�o qrqsdudphwulfdoo| �qglqj hylghqfh ri frqvlghudeoh
qrqolqhdulw|1 Wkh| wkhq hvwlpdwhg B iurp wkh uhjuhvvlrq

o6| � os| ' q�%| n Bj2| n #|c +6,

e| ROV dqg LY phwkrgv/ �qglqj d qhjdwlyh exw lqvljql�fdqw B1 Shuurq +4<<<, dqdo|vhv wklv dssurdfk

xvlqj zhdn lqvwuxphqw dv|pswrwlfv dqg �qgv vlplodu uhvxowv1

Wkhuh duh d qxpehu ri gudzedfnv zlwk wklv dssurdfk1 Iluvwo|/ wkh frqglwlrqdo prphqwv duh fdofxodwhg

xvlqj d �qlwh frqglwlrqlqj vhw1 Wklv juhdwo| uhvwulfwv wkh g|qdplfv iru wkh yduldqfh surfhvv1 Lq sduwlfxodu/

li wkh frqglwlrqdo yduldqfh lv kljko| shuvlvwhqw/ wkh qrq0sdudphwulf hvwlpdwru ri wkh frqglwlrqdo yduldqfh

zloo surylgh d srru dssur{lpdwlrq dv uhsruwhg e| Shuurq +4<<;, xvlqj vlpxodwlrq1 Vhfrqgo|/ olqhdulw|

ri wkh uhodwlrqvkls ehwzhhq >| dqg j2| lv lpsrvhg/ dqg wklv vhhpv wr eh vrphzkdw uhvwulfwlyh lq ylhz ri

hduolhu �qglqjv1

Lq wklv sdshu/ zh lqyhvwljdwh wkh uhodwlrqvkls ehwzhhq wkh ulvn suhplxp dqg wkh frqglwlrqdo yduldqfh

ri h{fhvv uhwxuqv rq wkh V)S833 lqgh{1 Zh frqvlghu d vhplsdudphwulf vshfl�fdwlrq wkdw gl�huv iurp

suhylrxv wuhdwphqwv1 Lq sduwlfxodu/ zh fkrrvh d sdudphwulf irup iru wkh yduldqfh g|qdplfv +lq rxu fdvh

HJDUFK,/ zkloh doorzlqj wkh phdq wr eh dq xqnqrzq ixqfwlrq ri j2| 1 Wklv phwkrg wdnhv dffrxqw ri

wkh kljk ohyho ri shuvlvwhqfh dqg ohyhudjh h�hfw irxqg lq vwrfn lqgh{ uhwxuq yrodwlolw|/ zkloh dw wkh vdph

wlph doorzlqj iru dq duelwudu| ixqfwlrqdo irup wr ghvfuleh wkh uhodwlrqvkls ehwzhhq ulvn dqg uhwxuq dw

wkh pdunhw ohyho1 Zh ghyhors wzr hvwlpdwlrq phwkrgv iru wklv prgho= d Irxulhu vhulhv phwkrg dqg d

phwkrg edvhg rq nhuqhov1 Wkh nhuqho phwkrg lv edvhg rq lwhudwlyh rqh0glphqvlrqdo vprrwklqj dqg lv

vlplodu lq wklv uhvshfw wr wkh edfn�wwlqj phwkrg ri hvwlpdwlqj dgglwlyh qrqsdudphwulf uhjuhvvlrq1 Zh

dovr vxjjhvw d errwvwuds dojrulwkp iru rewdlqlqj frq�ghqfh lqwhuydov1 Xvlqj wkhvh phwkrgv/ zh �qg

hylghqfh ri d qrqolqhdu uhodwlrqvkls ehwzhhq wkh ulvn suhplxp dqg wkh frqglwlrqdo yduldqfh1

Lq wkh qh{w vhfwlrq zh glvfxvv wkh vshfl�fdwlrq ri rxu prgho/ zkloh lq Vhfwlrq 6 zh ghvfuleh krz

wr rewdlq srlqw dqg lqwhuydo hvwlpdwhv1 Lq Vhfwlrq 7/ zh suhvhqw rxu hpslulfdo uhvxowv1 Lq vhfwlrq 8/ zh

suhvhqw wkh uhvxowv ri d vpdoo vlpxodwlrq h{shulphqw/ zkloh vhfwlrq 9 frqfoxghv1
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5 D Vhplsdudphwulf0Phdq HJDUFK Prgho

Zh vxssrvh wkdw wkh uhdol}hg ulvn suhplxp +| lv jhqhudwhg dv iroorzv

+| ' >Ej2| � n 0|j|c | ' �c 2c � � � c Ac +7,

zkhuh 0| lv d pduwlqjdoh gl�huhqfh vhtxhqfhv zlwk xqlw yduldqfh/ zkloh >E�� lv ri xqnqrzq ixqfwlrqdo

irup/ exw vprrwk1 Zh vkdoo dovr vxssrvh wkdw 0| lv ����_�c dowkrxjk wklv lv qrw vwulfwo| qhfhvvdu| iru vrph

sxusrvhv1 Wkh uhvwulfwlrq wkdw .d+|mI|3�o/ zkhuh I|3� ' i+|3�j"�'�/ rqo| ghshqgv rq wkh sdvw wkurxjk

j2| lv txlwh vhyhuh exw lv d frqvhtxhqfh ri dvvhw sulflqj prghov vxfk dv iru h{dpsoh Edfnxv dqg Juhjru|

+4<<6, dqg Jhqqrwwh dqg Pduvk +4<;;,1 Lq dq| fdvh/ lw lv srvvleoh wr jhqhudol}h wklv irupxodwlrq lq

d qxpehu ri gluhfwlrqv1 Lw lv vwudljkwiruzdug wr lqfrusrudwh �{hg h{sodqdwru| yduldeohv/ odjjhg j2| / ru

odjjhg +| hlwkhu dv olqhdu uhjuhvvruv ru lqvlgh wkh xqnqrzq ixqfwlrq >E��1 Pruh frpsolfdwhg g|qdplfv

iru 0|c vxfk dv dq DUPDERc ^� prgho/ dqg d pxowlyduldwh h{whqvlrq fdq dovr eh dffrpprgdwhg1

Zh prgho wkh frqglwlrqdo yduldqfh xvlqj wkh H{srqhqwldo JDUFK prgho frqvlghuhg e| Qhovrq

+4<<4,=

�| � *L}Ej2| � ' @n
R[

�'�

K� *L}Ej
2
|3�� n

[̂
&'�

S�&�|3&c +8,

zkhuh S& ' ES�&c S2&�
� dqg �| ' E��|c �2|�

� lv d yhfwru ri phdq }hur ����_� lqqrydwlrqv=

��| ' 0|(

�2| ' m0|m � . m0|m c +9,

zklfk duh lghqwlfdo wr wkrvh lq Qhovrq +4<<4,1

Vshfli|lqj d wlph vhulhv prgho iru wkh orj ri wkh frqglwlrqdo yduldqfh +HJDUFK, kdv d qxpehu ri

dgydqwdjhv ryhu vshfli|lqj wkh prgho iru wkh ohyho ri wkh frqglwlrqdo yduldqfh +JDUFK,1 Lq JDUFK

prghov/ lw lv qhfhvvdu| wr lpsrvh lqhtxdolw| frqvwudlqwv rq wkh sdudphwhuv gxulqj hvwlpdwlrq wr hqvxuh

wkdw wkh yduldqfh surfhvv uhpdlqv qrq0qhjdwlyh1 Wkh frqvwudlqwv w|slfdoo| hpsor|hg h{foxgh f|folfdo

ehkdylru iru wkh yduldqfh15 Li dq lqwhufhsw lv lqfoxghg/ d orzhu erxqg lv lpsrvhg rq wkh frqglwlrqdo

yduldqfh surfhvv1 Wklv orzhu erxqg lv hvwlpdwhg iurp wkh hqwluh vdpsoh dqg pd| glvwruw vrph ri wkh

surshuwlhv ri wkh �wwhg prgho1 Lq sduwlfxodu/ wkh vwdqgdugl}hg uhvlgxdov pd| dsshdu wr kdyh wrr pxfk

pdvv qhdu }hur � vhh iru h{dpsoh Zklvwohu +4<;;,1

JDUFK prghov hvvhqwldoo| vshfli| wkh ehkdylru ri wkh vtxduh ri wkh gdwd1 Lq wklv fdvh d ihz odujh

revhuydwlrqv/ vxfk dv wkrvh ehwzhhq 4<5<�4<66/ fdq grplqdwh wkh vdpsoh> wkh hvwlpdwhg sdudphwhuv duh

5Qhovrq dqg Fdr +4<<5, hvwdeolvk d pxfk zhdnhu vhw ri lqhtxdolw| frqvwudlqwv wkdq Eroohuvohy +4<;9,1
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ghwhuplqhg sulpdulo| e| wkhvh pdvvlyh revhuydwlrqv1 Lq HJDUFK prghov/ rqh lv hvvhqwldoo| prghoolqj

wkh orj ri wkh vtxduh ri wkh gdwd/ dqg khqfh odujh revhuydwlrqv jhw vxevwdqwldoo| grzq0zhljkwhg16 D

pruh jhqhudo fodvv ri vshfl�fdwlrqv lv frqvlghuhg lq Kljjlqv dqg Ehud +4<<5,1

Wkh xvxdo fkrlfh ri lqqrydwlrqv lq wkh JDUFK prgho lv 02|3�j
2
|3�/ zklfk duh qrw ����_�> wklv uhvxowv

lq d qxpehu ri frqfhswxdo dqrpdolhv1 Qhovrq +4<<3, vkrzv wkdw wkh frqglwlrqdo prphqwv pd| h{sorgh

hyhq zkhq wkh surfhvv lv vwulfwo| vwdwlrqdu| dqg hujrglf � l1h1/ wkh xvxdo xqlw urrw frqglwlrq grhv

qrw gholqhdwh vwdwlrqdulw| iurp qrqvwdwlrqdulw|> vhh dovr Oxpvgdlqh +4<<9, dqg Ohh dqg Kdqvhq +4<<7,

rq wklv srlqw1 Lq dgglwlrq/ wkh guliwohvv LJDUFK+4/4, surfhvv froodsvhv wr }hur doprvw vxuho|1 Zlwk

����_� lqqrydwlrqv dv lq Qhovrq +4<<4, wkhvh frqxqguxpv gr qrw rffxu/ l1h1/ vwurqj vwdwlrqdulw| dqg zhdn

vwdwlrqdulw| frlqflgh1

Wklv irupxodwlrq doorzv erwk wkh vljq dqg wkh ohyho ri 0|3& wr d�hfw j2| � jrrg qhzv dqg edg qhzv

fdq kdyh gl�huhqw h�hfwv rq yrodwlolw|/ khqfh wkh vr0fdoohg ohyhudjh h�hfw1 Wkh sdudphwhuv S�& dqg S2&

frqwuro wkh uhodwlyh lpsruwdqfh ri wkh v|pphwulf yhuvxv dv|pphwulf h�hfwv1 D qxpehu ri hfrqrplf

dujxphqwv kdyh ehhq dgydqfhg wr vxssruw wklv vshfl�fdwlrq1 Iru h{dpsoh/ Eodfn +4<:9, dqg Fkulvwlh

+4<;5, vxjjhvw wkdw vlqfh grzqvlgh ulvn wr wkh rzqhuv ri d frpsdq| lv olplwhg e| edqnuxswf| odzv/

rzqhuv kdyh dq lqfhqwlyh wr dgrsw pruh ulvn| lqyhvwphqw zkhq wkh ydoxh ri wkh �up lv orz1 Wkhuhiruh/

uhwxuq yrodwlolw| zloo eh qhjdwlyho| fruuhodwhg zlwk uhwxuqv1 Hylghqfh iru wklv k|srwkhvlv fdq eh irxqg

lq Qhovrq +4<<4, iru gdlo| gdwd dqg lq Eudxq/ Qhovrq/ dqg Vxqlhu +4<<4, iru prqwko| gdwd1

D qxpehu ri dxwkruv/ h1j1/ Qhovrq +4<<4,/ kdyh irxqg wkdw vwdqgdugl}hg uhvlgxdov iurp hvwlpdwhg

JDUFK prghov duh ohswrnxuwlf uhodwlyh wr wkh qrupdo/ vhh dovr Hqjoh dqg Jrq}doh}�Ulyhud +4<<4,1 Zh

wkhuhiruh dvvxph wkdw 0| kdv d glvwulexwlrq zlwklq wkh h{srqhqwldo srzhu idplo|7

sE0� '
D i T

�
��

2
m0*bmD

�

b2E�n�*D�KE�*D�
( b ' d2E32*D�KE�*D�*KE�*D�o�*2c +:,

zkhuh K lv wkh jdppd ixqfwlrq1 Zlwk wklv ghqvlw|/ zh rewdlq wkdw . m0|m ' b2�*DKE2*D�
KE�*D�

+Kdplowrq/ 4<<7/

s1 99<,1

Xqghu wkh ixoo vshfl�fdwlrq +70:,/ .di TE_�|�o 	 4 iru dq| _ surylghg D : � dqg m>E%�m � Sm%m
iru vrph S dqg doo %1 Wkhuhiruh/ wkh xqfrqglwlrqdo yduldqfh ri +| h{lvwv surylghg wkh dxwruhjuhvvlyh

sro|qrpldo KEu� ' �n K�un � � �n KRu
R kdv urrwv rxwvlgh wkh xqlw flufoh1 Lq wklv fdvh/ j2| dqg +| duh erwk

zhdno| dqg vwurqjo| vwdwlrqdu|1
6Wklv lv hvvhqwldoo| wkh prwlydwlrq Vfkzhuw +4<;<, jlyhv iru prgholqj wkh vwdqgdug ghyldwlrq1 Krzhyhu/ lq HJDUFK

wkhuh lv wkh frqyhuvh sureohp wkdw revhuydwlrqv forvh wr }hur uhfhlyh frqvlghudeoh zhljkw lq wkh hvwlpdwlrq1
7Wkh JHG idplo| ri huuruv lqfoxghv wkh qrupdo/ xqlirup dqg Odsodfh dv vshfldo fdvhv1 Wkh glvwulexwlrq lv v|pphwulf

derxw }hur iru doo �/ dqg kdv �qlwh vhfrqg prphqwv iru � A 41
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Wkh pdlq gl�huhqfh ehwzhhq wklv prgho dqg suhylrxv wuhdwphqwv lv wkdw zh gr qrw uhvwulfw wkh

ixqfwlrqdo irup ri >E�� d sulrul1 Wklv kdv d qxpehu ri lpsolfdwlrqv erwk iru hvwlpdwlrq dqg whvwlqj1 Lq

sduwlfxodu/ d vlpsoh frqvlvwhqw hvwlpdwru ri >E�� lv gl!fxow wr rewdlq dqg zrxog dsshdu wr ghshqg rq

�uvw rewdlqlqj frqvlvwhqw hvwlpdwhv ri wkh sdudphwhuv ri wkh yduldqfh surfhvv1 Rq wkh rwkhu kdqg/ wr

hvwlpdwh wkhvh sdudphwhuv zh qhhg wr kdyh d jrrg hvwlpdwh ri >E��1 Lq wkh qh{w vhfwlrq zh sursrvh d

vroxwlrq wr wklv sureohp1

6 Hvwlpdwlrq dqg lqihuhqfh

Hvwlpdwlrq ri wkh xqnqrzq sdudphwhuv e| pd{lpxp olnholkrrg zkhq >E�� lv nqrzq dsduw iurp d �qlwh

qxpehu ri sdudphwhuv/ vd| � c lv frqvlghuhg lq Hqjoh/ Ololhq/ dqg Urelqv +4<;:, dqg Qhovrq +4<<4,1 Lq

wklv fdvh/ ohw � ' E@c K�c � � � c KRc S
�

�c � � � c S
�

^c D�
� � Ew�c D�� dqg � eh wkh yhfwru ri xqnqrzq phdq sdudphwhuv1

Wkhq 0|E�c �� dqg �|E�c �� fdq eh exlow xs uhfxuvlyho| jlyhq lqlwldo frqglwlrqv/ dqg wkh frqglwlrqdo orj0

olnholkrrg ixqfwlrq lv

�A E�c �� '
A[
|'�

�|E�c �� '
A[
|'�

*L}EsE0|E�c ��( D�� �

2

A[
|'�

�|E�c ��c +;,

Wkh olnholkrrg ixqfwlrq fdq eh pd{lpl}hg zlwk uhvshfw wr �c � xvlqj wkh EKKK dojrulwkp/ yl}1
3C �d�n�o

� d�n�o

4D '

3C �d�o

� d�o

4D� bd�o

%
A[
|'�

��|� ��
�

|�

&3� A[
|'�

��|�c +<,

zkhuh bd�o lv d yduldeoh vwhs ohqjwk fkrvhq wr pd{lpl}h wkh orj olnholkrrg ixqfwlrq lq wkh jlyhq gluhfwlrq/

dqg wkh vfruh ixqfwlrqv ��|� duh hydoxdwhg dw �d�oc � d�o1

Zh sursrvh frqvwuxfwlqj hvwlpdwhv ri � dqg >E�� lq wkh vhplsdudphwulf prgho e| dqdorjrxv phwkrgv1
Zh hvwlpdwh > xvlqj wzr pdlq dssurdfkhv= wkh �uvw rqh frqvlvwv ri wuhdwlqj wkh A � � yhfwru

> ' E>�c >2c � � � c >A �
�

dv xqnqrzq sdudphwhuv dqg hvwlpdwlqj wkhp wkurxjk d nhuqho vprrwklqj phwkrg lqvlgh wkh rswlpl}dwlrq

urxwlqh1 Wkh vhfrqg dssurdfk lv wr sdudphwul}h >E�� lq d  h{leoh zd|1 Wkh edvlv zh zloo xvh lv wkh Irxulhu
Ioh{leoh Irup ri Jdoodqw +4<;4,1 Zh ghvfuleh wkh hvwlpdwlrq dqg wkh frqvwuxfwlrq ri frq�ghqfh lqwhuydov

iru hdfk phwkrg lq wxuq1

8



614 Nhuqho Hvwlpdwlrq

Wkh �uvw phwkrg hvwlpdwhv > e| d vprrwklqj surfhgxuh edvhg rq nhuqhov ^vhh Kçugoh +4<<3, dqg Kçugoh

dqg Olqwrq +4<<7, iru d glvfxvvlrq ri nhuqho qrqsdudphwulf uhjuhvvlrq hvwlpdwlrq`1 Lq pdq| rwkhu

vhplsdudphwulf sureohpv rqh fdq xvh d sur�oh olnholkrrg phwkrg dv lq Nohlq dqg Vsdg| +4<<7, lq zklfk

wkh qrqsdudphwulf ixqfwlrq lv hvwlpdwhg iru hdfk jlyhq sdudphwhu ydoxh dqg wkhq wkh sdudphwhuv duh

fkrvhq wr plqlpl}h vrph fulwhulrq ixqfwlrq wkdw lqfoxghv wkh sur�ohg qrqsdudphwulf hvwlpdwru1 Iru

h{dpsoh/ frqvlghu wkh iroorzlqj l1l1g1 sureohp/ zklfk lv vlplodu wr rxuv1 Zh revhuyh i+�c %�j?�'�c zkhuh

+� ' >Ej2
� � n 0�j� +43,

j2
� ' }Ewc %��c � ' �c � � � c ?c

zkhuh }Ewc �� lv d nqrzq ixqfwlrq dqg 0� duh l1l1g1 zlwk phdq }hur dqg yduldqfh rqh1 Iru hdfk wc zh fdq

zulwh

e>w�Er� '

S?
�'�c� �'� g

�
r3}Ewc%��

B

�
+�S?

�'�c� �'� g
�
r3}Ewc%��

B

� c +44,

zkhuh BEA � lv d edqgzlgwk sdudphwhu vxfk wkdw BEA � $ f dv A $ 4/ zkloh g lv d erxqghg nhuqho

vdwlvi|lqj
U
gE��_� ' �/ iru h{dpsoh wkh qrupdo ghqvlw|/ dqg gh�qh wkh vhplsdudphwulf sur�oh olnholkrrg

e�Ew� ' ��

2

?[
�'�

*L} }Ewc %��� �

2

?[
�'�

E+� � e>w�E}Ewc %����
2

}Ewc %��
�

Zh fdq wdnh wkh plqlpl}hu ri e�Ew�c ewc dv dq hvwlpdwh ri w� Wklv sureohp kdv qrw ehhq h{solflwo| wuhdwhg

ehiruh lq wkh olwhudwxuh/ exw lv vlplodu wr pdq| rwkhuv1 Zh h{shfw wkdw ew lv urrw0? frqvlvwhqw dqg

dv|pswrwlfdoo| qrupdo1 Krzhyhu/ wkhuh lv d frvw wr qrw nqrzlqj wkh ixqfwlrq >/ l1h1/ wkh vhplsdudphwulf

lqirupdwlrq erxqg lv jhqhudoo| orzhu wkdq wkh lqirupdwlrq erxqg zkhq > lv �qlwho| sdudphwhul}hg1

Lq wkh fdvh ri rxu wlph vhulhv prgho/ zh fdq*w gh�qh wkh fruuhvsrqglqj txdqwlw| e>�Ej
2
| � vr hdvlo|/

vlqfh j2
| ghshqgv rq odjjhg 0*v/ zklfk lq wxuq ghshqg rq odjjhg >*v� Wkhuhiruh/ zh qhhg dq hqwluh yhfwru

ri >�r wr frqvwuxfw e>�Ej
2
| ��

8 Zh duh lqvwhdg ohg wr lwhudwlyh xsgdwlqj ri erwk wkh �qlwh glphqvlrqdo

sdudphwhuv dqg wkh ixqfwlrq >c l1h1/ rxu sur�ohg olnholkrrg lv wkh olplw ri d vhtxhqfh ri rshudwlrqv� Rxu

8
Dq dowhuqdwlyh phwkrg wkdw zrunv iru +43, lv wr frpsxwh wkh uhvlgxdov gluhfwo| xl @ |l � eH+|lm{l,> zkhuh eH+|lm{l,

lv vrph qrqsdudphwulf hvwlpdwh ri H+|lm{l,> dqg wkhq wr hvwlpdwh wkh frqglwlrqdo yduldqfh e| pd{lpxp olnholkrrg ru

ohdvw vtxduhv edvhg rq wkhvh uhvlgxdov1 Xqiruwxqdwho|/ lq wkh wlph vhulhv prgho/ wkh uhohydqw lqirupdwlrq vhw khuh lv wkh

hqwluh lq�qlwh sdvw/ vr lw lv kdug wr pdnh xvh ri wkh frqglwlrqdo prphqwv H^|wmIw�4` gluhfwo|1 Rqh frxog dujxh � dv gr

Sdjdq dqg Krqj +4<<3, � wkdw frqvlvwhqw hvwlpdwhv ri H^|wmIw�4` frxog eh rewdlqhg xvlqj qrqsdudphwulf uhjuhvvlrq zlwk

9



surfhgxuh �uvw uhtxluhv slfnlqj vwduwlqj ydoxhv iru > dqg �1 Zh wkhq gh�qh d prgl�hg yhuvlrq ri wkh

Qhzwrq�Udskvrq dojrulwkp wr xsgdwh rxu hvwlpdwhv ri � � Ew�c D��1 Zh wkhq xsgdwh rxu hvwlpdwhv ri

> xvlqj nhuqho hvwlpdwhv edvhg rq wkh suhylrxv lwhudwlrqv �owhuhg orj yduldqfhv1 Rxu phwkrg kdv vrph

vlplodulw| wr wkh cedfn�wwlqj* phwkrgrorj| iru hvwlpdwlqj dgglwlyh qrqsdudphwulf uhjuhvvlrq/ vhh Kdvwlh

dqg Wlevkludql +4<<3,/ lq wkdw lw dprxqwv wr lwhudwlyh rqh0glphqvlrqdo vprrwklqj rshudwlrqv1 Lq rxu

fdvh/ zh frpelqh sdudphwulf dqg qrqsdudphwulf hvwlpdwlrq lq hdfk lwhudwlrq1

Iru frqyhqlhqfh zh ghvfuleh wkh dojrulwkp iru wkh fdvh R ' � dqg ^ ' �1 Zh vkdoo dovr vprrwk rq

wkh orj ri yduldqfh �| lqvwhdg ri wkh yduldqfh lwvhoi1 Vlqfh wkh orjdulwkp lv d prqrwrqlf wudqvirupdwlrq/

wkh wzr dssurdfkhv duh htxlydohqw1

61414 Vlpxowdqhrxv Hvwlpdwlrq ri � dqg >E��

Zh xvh wkh iroorzlqj dojrulwkp=

41 Fkrrvh vwduwlqj ydoxhv iru �d�o dqg i�d�o
r
jA
r'��

51 Jlyhq i�do3�o
| jA

|'�c fdofxodwh

>
doo
| '

S
r�'|g

�
�
do3�o
|

3�
do3�o
r

B

�
+r

S
r�'|g

�
�
do3�o
|

3�
do3�o
r

B

� c | ' �c 2c � � � c A� +45,

zkhuh BEA � lv d edqgzlgwk sdudphwhu vxfk wkdw BEA � $ f dv A $ 4/ zkloh g lv d erxqghg nhuqho

vdwlvi|lqj
U
gE��_� ' ��

61 Jlyhq lqlwldo ydoxhv �doo
f E�� dqg 0

doo
f E��/ gh�qh uhfxuvlyho| iru dq| sdudphwhu ydoxh �

�
doo
| ' @n K�

doo
|3� n S�0

doo
|3� n S2

����0doo|3�

���� .
���0doo|3�

���� c

0
doo
| '

+| � >
doo
|

i TE�
doo
| �

c | ' �c 2c � � � c Ac

Wkhq iru dq| � frqvwuxfw �doo| E�� ' �|E�(>
doo�/ wkh shulrg | frqwulexwlrq wr wkh o|� svhxgr olnholkrrg

ixqfwlrq/ zkhuh >doo ' E>
doo
� c � � � c >

doo
A
���

d wuxqfdwhg lqirupdwlrq vhw I
S +W ,
w�4 @ i|w�4> = = = > |w�Sj/ zkhuh S +W , , 4 dw d yhu| vorz udwh1 Wklv hvwlpdwh frxog wkhq

eh xvhg wr rewdlq frqvlvwhqw hvwlpdwhv ri wkh sdudphwhuv ri kw1 Wklv lv qrw d sduwlfxoduo| dsshdolqj surfhgxuh iurp d

sudfwlfdo srlqw ri ylhz ehfdxvh ri wkh kljk glphqvlrq1

:



71 Fdofxodwh

�don�o ' �doo � bdoo
%

A[
|'�

��
doo
|�
��
�doo
|�

&
3� A[

|'�

��
doo
|� c +46,

zkhuh ��
doo
|� lv wkh yhfwru ri sduwldo ghulydwlyhv ri �doo| E�� zlwk uhvshfw wr � hydoxdwhg dw �doo1

81 Uhshdw xqwlo frqyhujhqfh1 Zh gh�qh frqyhujhqfh lq whupv ri wkh uhodwlyh judglhqw dqg wkh fkdqjh

lq wkh qrqsdudphwulf hvwlpdwh/ l1h1/

4@ 

+
4@ 

&

�����
SA

|'�
��|�

&
� �&

�E��

����� c �A
A[
|'�

�����>
don�o � >doo

>doo

�����
,
	 0c +47,

iru vrph vpdoo suhvshfl�hg 01 Ghqrwh wkh uhvxowlqj hvwlpdwhv e| 	� dqg 	>�

Zh duh xqdeoh wr suryh frqyhujhqfh ri wkh deryh dojrulwkp/ dowkrxjk lq sudfwlfh lw vhhpv wr zrun

uhdvrqdeo| zhoo dqg wr jlyh vlplodu dqvzhuv iru d udqjh ri vwduwlqj ydoxhv19 Dq dowhuqdwlyh lpsohphqwdwlrq

lv wr lwhudwh wr frqyhujhqfh rq wkh frpsxwdwlrq ri � lq +7, iru hdfk >
doo
| c dqg wkhq wr xsgdwh >

doo
| dv lq

vwhs +5, deryh1 Wkh vwrsslqj uxoh +47, zdv duulyhg dw diwhu vrph h{shulphqwdwlrq1 Lw lv ghvludeoh wr

hqvxuh wkdw wkh hqwluh sdudphwhu yhfwru E�c >� lv frqyhujhqw1 Lq sudfwlfh/ wklv phwkrgv vhhpv wr zrun

txlwh zhoo1

Qr dv|pswrwlf wkhru| lv dydlodeoh iru e�> krzhyhu/ iru frpsdulvrq/ qr wkhru| lv dydlodeoh iru pd{lpxp
olnholkrrg hvwlpdwlrq ri sdudphwulf HJDUFK prghov zlwkrxw phdq h�hfwv � vhh Qhovrq +4<<4,1 Wkh

rqo| fdvhv zkhuh d vrolg dv|pswrwlf wkhru| wkdw uholhv rq sulplwlyh frqglwlrqv iru phpehuv ri wkh

JDUFK fodvv ri prghov h{lvwv duh DUFK prghov/ vhh Zhlvv +4<;9,/ dqg wkh JDUFK+4/4, prgho/ vhh

Oxpvgdlqh +4<<9, dqg Ohh dqg Kdqvhq +4<<7,1 Iru dq| rwkhu vshfl�fdwlrq lq wkh JDUFK fodvv/ wkh

dv|pswrwlf wkhru| wkdw lv xvhg lq sudfwlfh lv qrw nqrzq wr eh ydolg1

Li �| zhuh revhuyhg/ d nhuqho hvwlpdwh ri >E�� dv lq +45, zrxog eh frqvlvwhqw dqg dv|pswrwlfdoo|

qrupdo xqghu dssursuldwh frqglwlrqv>: wklv dujxphqw fdq eh h{whqghg wr wkh fdvh zkhuh �| lv uhsodfhg

e| d frqvlvwhqw sdudphwulf hvwlpdwh1 Lqghhg/ wkh dv|pswrwlf glvwulexwlrq ri qrqsdudphwulf hvwlpdwhv lv

xvxdoo| lqghshqghqw ri dq| suholplqdu| sdudphwulf hvwlpdwlrqv1 Lq sudfwlfh/ wkh sdudphwhuv ri �| dsshdu

wr eh txlwh urexvw wr gl�huhqw sdudphwulf vshfl�fdwlrqv ri wkh phdq htxdwlrq1 Wkh �owhuhg hvwlpdwh ri

9Qrwh wkdw frqyhujhqfh ri wkh edfn�wwlqj dojrulwkp kdv rqo| ehhq vkrzq lq vshfldo fdvhv1 Krzhyhu/ hyhq lq wkh devhqfh

ri frqyhujhqfh surriv/ dv lq wkh dssolfdwlrq wr jhqhudol}hg dgglwlyh prghov/ wkh phwkrg vhhpv wr zrun zhoo1
:Wkh surfhvv kw lv zhdno| ghshqghqw � lw lv dq DUPD surfhvv1 Wkhuhiruh/ wkh uhvxowv ri Urelqvrq +4<;6, fdq eh

dssolhg wr hvwdeolvk frqvlvwhqf|/ surylghg �+W ,, 3 dw dq dssursuldwh udwh1

;



�| edvhg rq/ iru h{dpsoh/ >dfo
| ' A3�

SA
r'� +r vkrxog eh forvh wr wkh wuxh �| dqg vkrxog surylgh jrrg

vwduwlqj ydoxhv1 Dv lq wkh sdudphwulf fdvh/ dgglwlrqdo lwhudwlrqv vkrxog lpsuryh wkh shuirupdqfh ri wkh

hvwlpdwhg sdudphwhuv dqg ixqfwlrq1 Zh wkhuhiruh h{shfw 	>| wr eh frqvlvwhqw1 Dv uhjdugv 	�c zh h{shfw

lw wr eh
s
A frqvlvwhqw dqg wr kdyh d olplwlqj qrupdo glvwulexwlrq zlwk wkh yduldqfh lqfoxglqj vrph

frpsrqhqw dulvlqj iurp wkh hvwlpdwlrq ri >1

Fkrlfh ri edqgzlgwk lv d qrqwulyldo sureohp khuh/ vlqfh lw pd| eh qhfhvvdu| wr xqghuvprrwk rxu

hvwlpdwh ri >E�� wr rewdlq jrrg hvwlpdwhv ri � dv kdv ehhq srlqwhg rxw e| Urelqvrq +4<;;, iru h{dpsoh1

Zh dgrsw d vlpsoh/ vhfrqg ehvw/ dssurdfk wr wklv/ vhh ehorz1

615 Irxulhu Vhulhv Hvwlpdwlrq

Wkh vhfrqg dssurdfk lv wr sdudphwul}h wkh phdq htxdwlrq xvlqj d  h{leoh ixqfwlrqdo irup1 E| ohwwlqj

wkh qxpehu ri whupv jurz zlwk vdpsoh vl}h dqg zlwk d vxlwdeoh fkrlfh ri edvlv ixqfwlrqv/ wklv phwkrg

fdq dssur{lpdwh duelwudu| ixqfwlrqv1 Wklv lv dq h{dpsoh ri vlhyh hvwlpdwlrq/ exw iru d jlyhq vdpsoh

vl}h/ lw uhgxfhv wr d sdudphwulf phwkrg zlwk d �qlwh qxpehu ri sdudphwhuv1

Wkh edvlv zh zloo xvh lv wkh  h{leoh Irxulhu irup ri Jdoodqw +4<;4, zklfk dggv vlqh dqg frvlqh whupv

wr d txdgudwlf ixqfwlrq1 Ehfdxvh lw xvhv wuljrqrphwulf whupv/ lw lv frqyhqlhqw iru wkh gdwd wr olh lq wkh

dfc 2Zo lqwhuydo1 Wr gr vr/ zh uhfhqwhu dqg uhvfdoh wkh hvwlpdwhv ri �| dqg gh�qh d qhz yduldeoh

�W| ' E�| � ��
2Z�

�� �
� c

zkhuh � dqg � duh vfdoduv vxfk wkdw � lv ohvv wkdq 4�? E�|� dqg � lv juhdwhu wkdq 4@ E�|� � Wkhq wkh

Irxulhu dssur{lpdwlrq lv

>E�W| � ' �f n ���
W

| n �2�
W2
| n

�[
�'�

�� t�? E��
W

| � n
�[
�'�

)� ULt E��
W

| � � +48,

Wkh qxpehu ri whupv wr hvwlpdwh lv Rn 2^ n 2� n e�

616 Frqvwuxfwlqj Vwdqgdug Huuruv

Wkh uhpdlqlqj sureohp lv wkh frqvwuxfwlrq ri vwdqgdug huuruv iru wkh sdudphwhu hvwlpdwhv dqg wkh

ulvn suhplxp1 Lq wkh iruphu fdvh/ zh uhsruw dqdo|wlfdo dqg errwvwuds vwdqgdug huuruv1 Wkh dqdo|wlfdo

vwdqgdug huuruv duh rewdlqhg e| wdnlqj wkh rxwhu surgxfw ri wkh judglhqw=

re� ' t^h|

3C_�@}
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�

|�

&3�
4D4D c
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iru erwk wkh nhuqho dqg vhulhv hvwlpdwruv1 Wkhvh vwdqgdug huuruv vkrxog xqghuvwdwh wkh wuxh xqfhuwdlqw|

dvvrfldwhg zlwk wkh sdudphwhu hvwlpdwhv vlqfh wkh| qhjohfw wkh orvv ri h!flhqf| dvvrfldwhg zlwk wkh

qrq0sdudphwulf hvwlpdwlrq ri > E�� lq wkh fdvh ri wkh nhuqho dqg wkh vlhyh qdwxuh ri wkh hvwlpdwlrq ri

> E�� lq wkh fdvh ri wkh vhulhv1 Krzhyhu/ wkhvh vwdqgdug huuruv duh txlwh hdv| wr frpsxwh1

Wkh dowhuqdwlyh phwkrg iru frqvwuxfwlqj vwdqgdug huuruv lv wkh errwvwuds +vhh Kçugoh +4<<3,,1 Zh

jlyh dq dojrulwkp iru fdofxodwlqj vxfk frq�ghqfh lqwhuydov iru R ' ^ ' � lq wkh fdvh ri wkh nhuqho1

61614 Errwvwuds Vwdqgdug Huuruv

41 Jlyhq hvwlpdwhv >/ 	// �|E	/c >,/ dqg 	0| ' 0|E	/c >�c fdofxodwh wkh uhfhqwhuhg uhvlgxdov e	0| ' 	0| � 	0/

zkhuh 	0 ' A3�SA
|'� 	0|1

51 Gudz d udqgrp vdpsoh i0W|jA|'� iurp wkh hpslulfdo glvwulexwlrq ri e	0|�
61 Jlyhq vwduwlqj ydoxhv �Wf dqg 0Wf/ dqg i�|jA|'�/ gh�qh uhfxuvlyho|

�W| ' 	@n	K�W|3� n 	S��0
W

|3� n eS�2 k���0W|3�

����.
���0W|3�

���l �
dqg

+W| ' >E�W| ( i�rjAr'�� n 0W|j
W

| c

zlwk wkh dssursuldwh fkrlfh ri > E�� � Lq wkh fdvh ri wkh nhuqho hvwlpdwru/ vrph dx{loldu| edqgzlgwk
sdudphwhu �B wkdw ryhuvprrwkhv wkh gdwd vkrxog eh fkrvhq ^vhh Kçugoh +4<<3, iru d glvfxvvlrq ri

wklv`/ zkhuh

>E%( i�rjAr'�c B� '
S

r�'|g
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r�'|g
�
%3�r
B
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71 Jlyhq i+W| jA|'� fdofxodwh sdudphwhu hvwlpdwhv 	�
W
xvlqj wkh deryh txdvl0Qhzwrq surfhgxuh1

81 Uhshdw vwhsv 5�7 6 wlphv1 Wkh vwdqgdug huuruv duh hvwlpdwhg iurp wkh vdpsoh vwdqgdug ghyldwlrq

ri wkh errwvwuds sdudphwhu hvwlpdwhv 	�
W
1

Wklv phwkrg ri rewdlqlqj vwdqgdug huuruv lv wlph0frqvxplqj iru odujh gdwdvhwv vlqfh lw uholhv rq

vlpxodwlrq1 Krzhyhu/ lw vkrxog uh hfw ixoo| wkh orvv ri suhflvlrq dvvrfldwhg zlwk hvwlpdwlqj >E��1
Wkh vhfrqg sureohp/ wkh frqvwuxfwlrq ri frq�ghqfh lqwhuydov iru e> fdq eh dssurdfkhg lq wzr zd|v=

zh fdq wklqn ri vwdqgdug huuruv wkdw duh frqglwlrqdo rq d ydoxh ri �| ^dqg wkhuhiruh doorzv xv wr orrn dw

wkh lvvxh ri wkh vkdsh ri wkh ulvn suhplxp`/ dqg wkrvh wkdw duh frqglwlrqdo rq doo revhuydeohv dqg wkxv

43



doorz xv wr uxq uhdo0wlph h{shulphqwv/ dqg zrxog eh ri lqwhuhvw wr d ghflvlrq pdnhu1 Wkh vhfrqg w|sh

lv pruh gl!fxow wr frqvwuxfw dv �| ghshqgv rq wkh lq�qlwh sdvw/ khqfh wkhvh vwdqgdug huuruv kdyh wr eh

exlow xs uhfxuvlyho|1

Rq wkh rwkhu kdqg/ frpsxwlqj vwdqgdug huuruv frqglwlrqdo rq wkh ydoxh ri �| lv udwkhu vlpsoh1 Iru

wkh nhuqho phwkrg/ wkh yduldqfh ri e>| lv jlyhq e| Kçugoh +4<<3,=

�

?B

j2|
U
& E��2 _�

s E�|�
c

zkhuh s E�|� lv wkh hujrglf ghqvlw| ri �| hydoxdwhg dw �|� Wklv txdqwlw| fdq eh hvwlpdwhg e| uhsodflqj

j2| dqg sE�|� e| hvwlpdwhv ej2| dqg esEe�|� uhvshfwlyho|1
Iru wkh vhulhv dssur{lpdwlrq/ zh gh�qh e� dv wkh hvwlpdwhg phdq sdudphwhuv dqg M| eh wkh yhfwru

ri vorshv/ l1h1/ Y>*Y�me� � Iru lqvwdqfh/ iru wkh Irxulhu vhulhv

M| '
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� +49,

Wkhq/

�@h d> E�|� m�| o ' M �
|�@h Ee��M|c

zkhuh �@h Ee�� lv wkh dssursuldwh vxepdwul{ ri wkh fryduldqfh pdwul{ ri e� rewdlqhg e| hlwkhu wkh rxwhu

surgxfw ri judglhqw ru wkh errwvwuds dv ghvfulehg deryh1

7 Hpslulfdo Uhvxowv

Zh h{dplqh wkh prqwko| ulvn suhplxp rq wkh h{fhvv uhwxuqv rq wkh V)S833 lqgh{ � wkh wrwdo prqwko|

uhwxuq rq wkh lqgh{ plqxv wkh prqwko| uhwxuqv rq W0eloov� ryhu wkh shulrg Mdqxdu| 4<59 wr Ghfhpehu

4<<:1 Wkh gdwd lv rewdlqhg iurp wkh Fhqwhu iru Uhvhdufk rq Vhfxulw| Sulfhv +FUVS,> lw lv sorwwhg lq

�jxuh 41 Lq Wdeoh 4 ehorz zh uhsruw vdpsoh fxpxodqwv iru wkh udz gdwd +pxowlsolhg e| 433, ryhu ydulrxv

vxeshulrgv= IS +4<59�4<<:,/ L +4<59�4<78,/ LL +4<79�4<:6,/ dqg LLL +4<:6�4<<:,1
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--- Wdeoh 4 Khuh ---

Wkh wdeoh uhyhdov odujh gl�huhqfhv lq fxpxodqwv/ lq sduwlfxodu ehwzhhq wkh �uvw shulrg dqg wkh uhvw

ri wkh vdpsoh1 Wklv vxe0shulrg kdv pxfk kljkhu yduldqfh/ srvlwlyh vnhzqhvv/ dqg h{wuhpho| idw wdlov

uhodwlyh wr wkh uhvw ri wkh vdpsoh1 Wkh vhfrqg vxeshulrg dsshduv yhu| fdop zlwk orzhvw yduldqfh dqg

orzhvw irxuwk0rughu fxpxodqw1

Iru wkh vhulhv hvwlpdwru/ ydoxhv ri wkh wxqlqj sdudphwhuv ri xs wr 6 zhuh frqvlghuhg zlwk wkh prghov

vhohfwhg e| wkh Dndlnh fulwhulrq +DLF, zklfk pd{lpl}hv 2 *?u E/� � 2& zkhuh & lv wkh qxpehu ri

sdudphwhuv lq wkh prgho dqg wkh Ed|hvldq fulwhulrq +ELF, zklfk pd{lpl}hv 2 *?u E/� � & *?A� Erwk

fulwhuld jdyh vlplodu uhvxowv= lq erwk fdvhv/ R ' � dqg ^ ' 2 duh vhohfwhg/ exw wkh DLF fkrrvhv � ' 2c

zkloh ELF fkrrvhv � ' �� Zh uhsruw wkh uhvxowv iru � ' ��

Ehfdxvh erwk dssurdfkhv vhohfwhg wkh vdph ydoxhv ri R dqg ^c zh fkrvh wkhvh ydoxhv zkhq hvwlpdwlqj

wkh prgho xvlqj wkh nhuqho dssurdfk1 Uhvxowv iru rwkhu fkrlfhv ri R dqg ^ duh dydlodeoh iurp wkh dxwkruv

xsrq uhtxhvw1 Lw lv gl!fxow wr frpsduh wkh �w ri wkh prgho hvwlpdwhg zlwk wkh nhuqho iru ydulrxv ydoxhv

ri R dqg ^ dv wkh prghov duh wkhq qrq0qhvwhg1 Wr vlpsoli| frpsxwdwlrqv/ wkh edqgzlgwk zdv vhohfwhg

dffruglqj wr Vloyhupdq*v uxoh ri wkxpe=

B ' ��fSj E�|�A
3 �

D c

zkhuh j E�|� lv wkh vwdqgdug ghyldwlrq ri �|c dqg xsgdwhg dw hdfk lwhudwlrq wr uh hfw wkh qhz hvwlpdwhv

ri �|� Zh vhw wkh ydoxhv ri � dqg � dw 043 dqg 05 uhvshfwlyho| edvhg rq wkh uhvxowv iurp wkh nhuqho

hvwlpdwlrq zklfk grhv qrw lpsrvh vxfk uhvwulfwlrqv1 Wkh uhvxowv iurp wkh hvwlpdwlrq xvlqj wkh wzr

phwkrgv frqvlghuhg khuh dqg wkhlu dvvrfldwhg vwdqgdug huuruv Ere�E��� duh suhvhqwhg lq wdeoh 51

--- Wdeoh 5 Khuh ---

Rxu sdudphwhu hvwlpdwhv dsshdu txlwh urexvw wr wkh phwkrg fkrvhq wr gr wkh hvwlpdwlrq1 Wkh| duh

dovr frqvlvwhqw zlwk pdq| rwkhu vwxglhv lq wkh duhd1 Lq sduwlfxodu/ wkh hvwlpdwh ri K�c zklfk phdvxuhv

wkh ghjuhh ri shuvlvwhqfh/ lv kljk +deryh 31<, dqg wkh hvwlpdwh ri wkh ohyhudjh h�hfw S�� lv vwurqjo|

qhjdwlyh1 Wkhuh lv vrph glvdjuhhphqw ryhu wkh ohyhudjh h�hfw ri 0|32c exw wklv sdudphwhu lv pxfk ohvv

suhflvho| hvwlpdwhg1 Ilqdoo|/ wkh hvwlpdwhg ydoxh ri D lv durxqg 419 zklfk lv djdlq frqvlvwhqw zlwk

suhylrxv �qglqjv1 Wkh glvwulexwlrq zh �qg kdv idwwhu wdlov wkdq wkh qrupdo zklfk lv d vshfldo fdvh

zlwk D ' 21 Qrwh wkdw wkh errwvwuds vwdqgdug huuruv whqg wr eh odujhu e| xs wr 83( wkdq wkh dqdo|wlf

vwdqgdug huuruv1
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Wkh odvw urz ri wdeoh 5 surylghv uhvxowv ri d olnholkrrg udwlr whvw iru wkh vljql�fdqfh ri wkh frh!flhqwv

rq wkh qrqolqhdu whupv lq wkh Irxulhu vhulhv1 Wkh uhvxowv fohduo| vkrz wkdw olqhdulw| lv vwurqjo| uhmhfwhg/

hyhq dw d ohyho ri vljql�fdqfh ri 4(1 Wkh lqglylgxdo h�hfwv/ zlwk wkh h{fhswlrq ri wkh lqwhufhsw/ duh dovr

vljql�fdqw1

Wkh ulvn suhplxp hvwlpdwhg xvlqj wkh nhuqho phwkrg lv judskhg lq �jxuh 5 dv d ixqfwlrq ri �|1

Frq�ghqfh lqwhuydov dw wkh <8( ohyho frqvwuxfwhg xvlqj wkh srlqwzlvh nhuqho frq�ghqfh lqwhuydov duh

dovr surylghg1 Wkh �jxuhv fohduo| uhyhdo d qrq0prqrwrqlf uhodwlrq ehwzhhq �| dqg +|� Wklv lv frqvlvwhqw

zlwk wkh �qglqjv ri Edfnxv dqg Juhjru| +4<<6, wkdw lq dq duwl�fldo hfrqrp|/ wkh ulvn suhplxp pd|

kdyh yluwxdoo| dq| vkdsh1 Wkh hyroxwlrq ri wkh hvwlpdwhg ulvn suhplxp dqg frqglwlrqdo yduldqfh duh

suhvhqwhg lq �jxuhv 6 dqg 71 Wkhvh �jxuhv fohduo| uhyhdo wkh hslvrghv ri kljk yrodwlolw|= wkh Juhdw

Ghsuhvvlrq/ Zruog Zdu LL/ wkh �uvw rlo vkrfn/ dqg wkh shulrg durxqg wkh fudvk ri 4<;:1

Iljxuh 8 surylghv wkh vkdsh ri wkh ulvn suhplxp hvwlpdwhg xvlqj wkh Irxulhu vhulhv1 Wkh judsk

dovr lqfoxghv wkh dqdo|wlfdo <8( frq�ghqfh lqwhuydov frqglwlrqdo rq �|1 Djdlq/ wkh hvwlpdwhg vkdsh lv

qrqolqhdu1

Wkh wzr vprrwklqj phwkrgv erwk kdyh dgydqwdjhv dqg glvdgydqwdjhv1 Wkh nhuqho hvwlpdwh dsshduv

udwkhu zljjo| lq wkh hqg srlqwv zkhuh wkhuh lv qrw pxfk gdwd1 Wkh Irxulhu vhulhv phwkrg rq wkh

rwkhu kdqg lv yhu| vprrwk dqg jlyhv wkh dsshdudqfh ri ehlqj suhflvho| hvwlpdwhg1 Krzhyhu/ wkhuh lv d

surqrxqfhg xszdug vorsh dw wkh kljk hqg/ zklfk vhhpv dw rggv zlwk wkh nhuqho phwkrg �qglqj1 Wklv

hqg0wuhqg lv txlwh v|pswrpdwlf ri wkhvh sro|qrpldo0edvhg phwkrgv> zh ylhz lw zlwk vrph vnhswlflvp1

Zh wkxv uhgudz wkh wzr hvwlpdwhv ryhu wkh qduurzhu udqjh zkhuh prvw ri wkh gdwd olh lq Iljxuh 91 Wkh

phwkrgv djuhh txlwh forvho| rq wklv vxeudqjh 0 wkhuh lv d kxps vkdsh/ zklfk lv �uvw frqfdyh dqg wkhq

frqyh{1

Ilqdoo|/ zh surylgh vrph gldjqrvwlfv rq wkh vwdqgdugl}hg uhvlgxdov 	0| ' E+| � 	>|�*ej|�Zh mxvw uhsruw

wkh uhvxowv iru wkh nhuqho/ exw vlplodu uhvxowv kdyh ehhq rewdlqhg iru wkh vhulhv dssurdfk1 Wkh sorwv ri

wkh dxwrfruuhorjudp ri erwk wkh uhvlgxdov dqg wkhlu vtxduhv lqglfdwhv wkdw wkh| duh forvh wr zklwh qrlvh=

wkhuh duh ; vljql�fdqw dxwrfruuhodwlrq frh!flhqwv dw wkh 8( ohyho dprqj wkh �uvw 433 odjv lq wkh ohyhov

dqg < vljql�fdqw dxwrfruuhodwlrqv lq wkh vtxduhv1 Pruhryhu/ dsduw iurp d olwwoh vnhzqhvv/ wkh ghqvlw| ri

wkh vwdqgdugl}hg uhvlgxdov lv forvh wr wkdw ri wkh jhqhudol}hg huuru glvwulexwlrq hvwlpdwhg e| wkh gdwd1
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714 Vxevdpsoh hvwlpdwlrq

Lq rughu wr vhh krz urexvw rxu hvwlpdwhv duh/ zh uh0hvwlpdwhg wkh prgho ryhu wkuhh vxe0shulrgv= 4<590

4<78/ 4<7904<:6/ dqg 4<9704<<: xvlqj wkh nhuqho phwkrg1 Wkh uhvxowv duh suhvhqwhg lq wdeoh 6 ehorz

+zlwk dqdo|wlfdo vwdqgdug huuruv lq sduhqwkhvhv,1

--- Wdeoh 6 Khuh ---

Wkh uhvxowv vkrz txlwh d elw ri lqvwdelolw| lq wkh srlqw hvwlpdwhv1 Qhyhuwkhohvv/ wkh vkdsh ri wkh

ulvn suhplxp lv uhodwlyho| vwdeoh ryhu wlph1 Iljxuhv 44046 vkrz wkh hvwlpdwhg ulvn suhplxp xvlqj wkh

vdph vfdoh dv lq �jxuhv 5 dqg 81 Ehfdxvh wkh odvw wzr vxevdpsohv zhuh fkdudfwhul}hg e| orzhu yrodwlolw|

wkdq wkh ehjlqqlqj ri wkh vdpsoh/ wkh hvwlpdwhg orj0yrodwlolw| lv frqfhqwudwhg wrzdugv wkh ohiw ri wkh

judskv iru wkrvh wzr shulrgv1 Krzhyhu/ zh fohduo| vhh wkh vdph ryhudoo qrq0prqrwrqlf vkdsh ri wkh ulvn

suhplxp iru wkrvh ydoxhv ri wkh orj yduldqfh dv zlwk wkh ixoo vdpsoh1 Wkh �uvw vxevdpsoh vwdqgv rxw dv

kdylqj kljkhu yrodwlolw|/ exw wkh hvwlpdwhg ulvn suhplxp kdv d vlplodu vkdsh1

8 Vlpxodwlrq

Lq rughu wr dssuhfldwh wkh shuirupdqfh ri rxu nhuqho surfhgxuh lq hvwlpdwlqj wkh ulvn suhplxp lq

�qdqfldo gdwd/ zh jhqhudwhg gdwd xvlqj wkh prgho zh hvwlpdwhg1 Zh wkxv jhqhudwhg gdwd dffruglqj wr

�| ' �f��.Dnf�b.��|3��f�2�e0|3�nf�f�� dm0|3�m �. m0|3�monf��b�0|32nf�2eS dm0|3�m � . m0|3�mo +4:,
zlwk 0| gudzq iurp d jhqhudol}hg huuru glvwulexwlrq zlwk D ' ��D.H� Wkh huuruv zhuh jhqhudwhg xvlqj wkh

dojrulwkp ri Wdglndpdood E�bHf� edvhg rq uhmhfwlrq1 Iru hdfk ydoxh ri �| jhqhudwhg/ zh wkhq dvvrfldwh

wr lw wkh ydoxh ri wkh hvwlpdwhg ulvn suhplxp zlwk d ydoxh ri wkh orj yduldqfh wkdw lv forvhvw wr �|� Wkh

vdpsoh vl}h zdv wkh vdph dv rxuv/ ;97/ dqg zh uhshdwhg wklv h{shulphqw 433 wlphv1 Wkh hvwlpdwlrq zdv

fduulhg rxw lq wkh vdph zd| dv wkh hpslulfdo dqdo|vlv deryh zlwk vwduwlqj ydoxhv iru wkh ulvn suhplxp

dw wkh phdq ri wkh jhqhudwhg gdwd dqg xvlqj wkh Jdxvvldq nhuqho1 Wkh dojrulwkp zdv vwduwhg dw wkh

wuxh ydoxh ri wkh sdudphwhuv1 Wkh uhvxowv iurp wkh h{shulphqw duh suhvhqwhg lq wdeoh 71

--- Wdeoh 7 Khuh ---

Wkh uhvxowv duh hqfrxudjlqj= ghvslwh wkh vpdoo qxpehu ri uhsolfdwlrqv/ doo wkh vdpsoh phdqv duh

zlwklq rqh vwdqgdug ghyldwlrq ri wkh wuxh ydoxh zlwk wkh h{fhswlrq ri eD zklfk dsshduv wr eh txlwh

lpsuhflvho| hvwlpdwhg1 Wkh hvwlpdwhg ulvn suhplxp lv xqghuhvwlpdwhg dqg voljkwo| pruh yrodwloh wkdq

wkh wuxh ulvn suhplxp xvhg wr jhqhudwh wkh gdwd1
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9 Frqfoxvlrqv

Zh kdyh irxqg d kljko| qrqolqhdu uhodwlrqvkls ehwzhhq wkh �uvw wzr prphqwv ri lqgh{ uhwxuqv dv

vxjjhvwhg e| Edfnxv dqg Juhjru| +4<<6, dqg Jhqqrwwh dqg Pduvk +4<;;,1 Lq sduwlfxodu/ wkh ulvn

suhplxp lv qrqprqrwrqlf1 Wklv uhvxow dsshduv wr eh txlwh urexvw wr wkh hvwlpdwlrq phwkrg dqg wkh

wxqlqj sdudphwhuv vhohfwhg1 Pruhryhu/ wkh vkdsh ri wkh ulvn0uhwxuq uhodwlrq vhhpv wr eh urexvw ryhu

wlph1 Wkhvh uhvxowv vxjjhvw wkdw suhylrxv sdudphwulf JDUFK�P prghov vxfk dv Hqjoh/ Ololhq/ dqg

Urelqv +4<;:, duh plvohdglqj derxw wkh xqghuo|lqj uhodwlrqvkls ehwzhhq ulvn dqg uhwxuq dw wkh pdunhw

ohyho1
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lq Hfrqrphwulfv dqg Vwdwlvwlfv= Surfhhglqjv ri wkh Iliwk Lqwhuqdwlrqdo V|psrvlxp lq Hfrqrplf

Wkhru| dqg Hfrqrphwulfv/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv/ 840:81

^65` Shuurq/ E1 +4<<<,/ �Vhpl0sdudphwulf Zhdn Lqvwuxphqw Uhjuhvvlrqv zlwk dq Dssolfdwlrq wr wkh

Ulvn0Uhwxuq Wudgh0r��/ FUGH zrunlqj sdshu 34<</ Xqlyhuvlwì gh Prqwuìdo1

^66` Shuurq/ E1 +4<<;,/ �D Prqwh Fduor Frpsdulvrq ri Qrq0sdudphwulf Hvwlpdwruv ri wkh Frqglwlrqdo

Yduldqfh�/ Plphr1

^67` Urelqvrq/ S1 P1 +4<;6,/ �Qrqsdudphwulf Hvwlpdwruv iru Wlph Vhulhv/� Mrxuqdo ri Wlph Vhulhv

Dqdo|vlv/ 7/ 4;8053:1

^68` Urelqvrq/ S1 P1 +4<;;,= �Urrw0Q0Frqvlvwhqw Vhplsdudphwulf Uhjuhvvlrq/� Hfrqrphwulfd/ 89/ <640

<871

^69` Vfkzhuw/ J1 Z1 +4<;<,/ �Zk| Grhv Vwrfn Pdunhw Yrodwlolw| Fkdqjh Ryhu Wlph�/ Mrxuqdo ri Il0

qdqfh/ 77/ 4448044861

^6:` Vkdush/ Z1 +4<97,/ �Fdslwdo Dvvhw Sulfhv= D Wkhru| ri Pdunhw Htxloleulxp Xqghu Frqglwlrqv ri

Ulvn/� Mrxuqdo ri Ilqdqfh/ 4</ 89:08:81

^6;` Wdglndpdood/ S1 U1 +4<;3,/ �Udqgrp Vdpsolqj iurp wkh H{srqhqwldo Srzhu Glvwulexwlrq�/ Mrxuqdo

ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ :8/ 9;609;91

^6<` Zhlvv/ D1 +4<;9,1 Dv|pswrwlf Wkhru| iru DUFK prghov= Hvwlpdwlrq dqg Whvwlqj1 Hfrqrphwulf

Wkhru| 5/ 43:04641

4;



^73` Zklvwohu/ G1 +4<;;,/ �Vhplsdudphwulf DUFK Hvwlpdwlrq ri Lqwud0Gdlo| H{fkdqjh Udwh Yrodwlolw|/�

xqsxeolvkhg pdqxvfulsw/ Orqgrq Vfkrro ri Hfrqrplfv1

4<



Wdeohv dqg Iljxuhv

Wdeoh 4

Udz Gdwd e| Vxe Shulrg

IS L LL LLL

> 3168: 3173< 31679 31659

j2 651538 :51:;6 4713:< 4<1:<6

V� ;31746 6751447 04;1935 05;179<

Ve 434:71959 5;8831;93 49139< <;;1663
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Wdeoh 5

Hvwlpdwhv

Nhuqho Irxulhu

@ �f��S.
Ef�fS2� Ef�fbb�

�f�eD�
Ef�fb2� Ef���e�

K� f�b.�
Ef�f�f� Ef�f�S�

f�b2.
Ef�f�D� Ef�f22�

S�� �f�2�e
Ef�fD�� Ef�fSD�

�f��fS
Ef�fe.� Ef�fDe�

S�2 f�f��
Ef�fH�� Ef�fS��

�f�fbS
Ef�fSH� Ef�f.f�

S2� f��b�
Ef�feS� Ef�fbf�

f�2�2
Ef�feD� Ef�fDb�

S22 f�2eS
Ef�fHb� Ef�fH.�

f��S.
Ef�f.b� Ef�f..�

D ��D.H
Ef��f2� Ef�����

��Dbf
Ef���f� Ef��e2�

�f 0 f��22
Ef�fHf� Ef��Df�

�� 0 �f�2bD
Ef�fef� Ef�����

�2 0 f�fS.
Ef�ffH� Ef�f2.�

�� 0 f��e.
Ef�f�S� Ef�fS.�

�e 0 �f��e�
Ef�f�H� Ef�fSf�

B 3153: 0

� ' 475:135 4778196

Olqhdulw| whvw

Mf G �� ' fc � : �
ER3�@,�e�

0 �S�.ee
Ef�fffH�

Qrwh= Wkh qxpehuv lq sduhqwkhvhv duh dqdo|wlfdo dqg errwvwuds vwdqgdug huuruv uhvshfwlyho|1
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Wdeoh 6

Vxe0shulrg hvwlpdwhv

4<5904<78 4<7904<:6 4<:704<<:

@ �f��H�
Ef���D�

����2f
E2��eD�

�f�D��
Ef�Df��

K� f�bSH
Ef�f2��

f�D2e
Ef��2b�

f�b�S
Ef�f.b�

S�� �f��fD
Ef��2.�

�f��H.
Ef�fHf�

�f��D�
Ef��f��

S�2 f�ffS
Ef��.H�

�f�fS�
Ef���D�

f�fSD
Ef��HD�

S2� f��SH
Ef��fD�

�f�fH�
Ef��ee�

f�2bH
Ef��f.�

S22 f�22f
Ef�2�.�

f��22
Ef��eS�

f��2H
Ef�2fH�

D ���fS
Ef��.S�

��b.b
Ef�2SS�

��SHS
Ef�2fH�

B 31654 3144; 31498

� ' 638195 9581<8 8351:3

Wdeoh 7

Vlpxodwlrq uhvxowv

Wuxh Phdq hvwlpdwh Vwdqgdug ghyldwlrq

@ 03149: 031538 3143:

K� 31<:6 31<98 3134:

S�� 031567 031533 31389

S�2 31346 31369 313:9

S2� 314<6 3148; 31387

S22 31579 314;3 313;8

D 418:; 41<<; 31567

B 3153: 31496 31368

phdqE>� 31337 31334 31335

vwgE>� 3133< 31346 31336
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