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RÉSUMÉ

Nous caractérisons les ordres partiels parétiens pour le cas de deux agents et d'un

continuum de choix.

Mots clés : dominance parétienne

ABSTRACT

We characterize Paretian quasi-orders in the two-agent continuous case.

Key words : Pareto dominance



Sduhwldq Txdvl0rughuv= Wzr Djhqwv

\yhv Vsuxprqw4

F1U1G1H1 dqg Gìsduwhphqw gh Vflhqfhv Hfrqrpltxhv
Xqlyhuvlwì gh Prqwuìdo

Devwudfw

Zh fkdudfwhul}h Sduhwldq txdvl0rughuv lq wkh wzr0djhqw frqwlqxrxv fdvh1 Nh|0

Zrugv= Sduhwr Grplqdqfh1

Uìvxpì

Qrxv fdudfwìulvrqv ohv ruguhv sduwlhov sduìwlhqv srxu oh fdv gh ghx{ djhqwv hw
g*xq frqwlqxxp gh fkrl{1 Prwv0foìv= Grplqdqfh sduìwlhqqh1

4L wkdqn I1 Dohvnhury/ M1 Gxjjdq/ Z1 Wkrpvrq/ dqg M1 Zh|pdun iru xvhixo glvfxvvlrqv/ dqg

wkh VVKUF ri Fdqdgd iru vxssruw1



41 Lqwurgxfwlrq

Frqvlghu d �{hg vhw ri djhqwv kdylqj suhihuhqfhv ryhu vrph vhw ri dowhuqdwlyhv1
Wkh Sduhwr uhodwlrq jhqhudwhg e| wkhlu suhihuhqfh sur�oh ghhpv dq dowhuqdwlyh @

zhdno| ehwwhu wkdq dq dowhuqdwlyh K li dqg rqo| li doo djhqwv zhdno| suhihu @ ryhu K1
Li lqglylgxdo suhihuhqfhv duh frpsohwh dqg wudqvlwlyh/ wklv uhodwlrq lv d txdvl0rughu/
l1h1/ d uh h{lyh dqg wudqvlwlyh uhodwlrq1 Zkdw nlqg ri txdvl0rughu lv lwB

Wklv txhvwlrq kdv qrw ehhq gluhfwo| dgguhvvhg lq wkh olwhudwxuh1 Lw lv zhoo nqrzq
wkdw hyhu| txdvl0rughu lv wkh Sduhwr uhodwlrq jhqhudwhg e| vrph suhihuhqfh sur�oh
li qr uhvwulfwlrq lv lpsrvhg rq wkh qxpehu ri djhqwv1 Wkh vhplqdo duwlfoh rq wklv
vxemhfw lv V}sloudmq +4<63,> iru wzr uhfhqw frqwulexwlrqv +dqg ixuwkhu uhihuhqfhv,/
vhh Grqdogvrq dqg Zh|pdun +4<<;, dqg Gxjjdq +4<<;,1 Dl}hupdq dqg Dohvnhury
+4<<8, r�hu d wkhruhp rq wkh plqlpdo qxpehu ri djhqwv qhhghg �d sureohp iru0
pxodwhg e| Gxvkqln dqg Ploohu +4<74,� dqg glvfxvv wkh ydulrxv xsshu erxqgv
hvwdeolvkhg lq wkh olwhudwxuh1 E| frqwudvw/ zh duh lqwhuhvwhg lq lghqwli|lqj qhfhv0
vdu| dqg vx!flhqw frqglwlrqv iru uhsuhvhqwlqj d txdvl0rughu dv wkh Sduhwr uhodwlrq
ri d suhihuhqfh sur�oh ri d jlyhq qxpehu ri djhqwv1

Rxu prwlydwlrq lv wkh iroorzlqj1 Lq pdq| hfrqrplf frqwh{wv/ wkh qxpehu ri
djhqwv lv nqrzq1 Wkhlu suhihuhqfhv/ krzhyhu/ duh qrw1 Wklv srvhv wkh sureohp
ri lghqwli|lqj wkh uhvwulfwlrqv lpsrvhg e| ydulrxv froohfwlyh fkrlfh wkhrulhv rq wkh
djhqwv* revhuyhg mrlqw ehkdylru lq wkh devhqfh ri lqirupdwlrq rq wkhlu suhihuhqfhv1
Lq sduwlfxodu/ lw lv ri lqwhuhvw wr lghqwli| wkh uhvwulfwlrqv lpsrvhg e| Sduhwr h!0
flhqf|= wklv fdoov iru d ehwwhu xqghuvwdqglqj ri Sduhwr uhodwlrqv1

Wr jdlq vrph lqwxlwlrq derxw wkh sureohp xqghu vwxg|/ vxssrvh wkhuh duh
rqo| wzr djhqwv dqg vl{ dowhuqdwlyhv= @c Kc Sc %c +c 5� Frqvlghu wkh elqdu| uhodwlrq
- ghvfulehg lq Iljxuh 4/ zkhuh wkh v|pero - lv zulwwhq dw wkh lqwhuvhfwlrq ri urz
6 dqg froxpq ? li dqg rqo| li 6-?1 Lw lv d txdvl0rughu1 \hw zh fdqqrw �qg wzr
frpsohwh dqg wudqvlwlyh suhihuhqfhv zkrvh Sduhwr uhodwlrq zrxog frlqflgh zlwk -1
Iru vxssrvh ?�c?2 zhuh vxfk suhihuhqfhv1 Vlqfh @c Kc S duh pd{lpdo hohphqwv ri
-/ ?� dqg ?2 pxvw eh frpsohwho| rssrvlwh ryhu wkrvh wkuhh dowhuqdwlyhv1 Wr �{
lghdv/ vxssrvh

@ ?� K ?� S dqg/ wkhuhiruh/ S ?2 K ?2 @� +414,

Vlqfh @-+ dqg S-+/ zh pxvw kdyh @ ?2 + dqg S ?� +� Lw iroorzv wkdw K ?� + dqg
K ?2 +/ khqfh K-+c d frqwudglfwlrq wr wkh gh�qlwlrq ri -� D vlplodu frqwudglfwlrq
dulvhv li zh uhsodfh +414, zlwk dq| rwkhu sur�oh ri rssrvlwh suhihuhqfhv ryhu wkh
wkuhh dowhuqdwlyhv @c Kc S�

4



Wkxv/ wzr0djhqw �Sduhwldq txdvl0rughuv� gr srvvhvv vshfl�f surshuwlhv1 Wkh
surshuw| vxjjhvwhg e| wklv h{dpsoh lv wkdw/ iru dq| wkuhh qrqfrpsdudeoh dowhu0
qdwlyhv/ rqh lv �ehwzhhq� wkh rwkhu wzr/ lq wkh vhqvh wkdw lwv orzhu frqwrxu vhw
lqfoxghv wkh lqwhuvhfwlrq ri wkh rwkhu wzr orzhu frqwrxu vhwv1 Exloglqj rq wklv
revhuydwlrq/ zh zloo suhvhqw d frpsohwh fkdudfwhul}dwlrq ri Sduhwldq txdvl0rughuv
iru wkh fdvh ri wzr djhqwv dqg d frqwlqxxp ri dowhuqdwlyhv1 Wklv/ reylrxvo|/ lv
rqo| d �uvw �krshixoo| xvhixo� vwhs1

51 D irupdo vwdwhphqw ri wkh sureohp

Wkh vhw ri dowhuqdwlyhv lv d qrqhpsw|/ frpsdfw/ frqqhfwhg vhw f � U
61 Lw lv

�{hg wkurxjkrxw wkh sdshu1 Wkhuh duh wzr djhqwv/ � ' �c 2c zkrvh suhihuhqfhv duh
suhrughuv � l1h1/ frpsohwh dqg wudqvlwlyh elqdu| uhodwlrqv � rq f/ ghqrwhg ?�

dqg ?2 1 Zh vrphwlphv zulwh + 7� % lqvwhdg ri % ?� + G erwk qrwdwlrqv phdq
wkdw djhqw � zhdno| suhihuv % wr +c dqg �� ghqrwhv lqgl�huhqfh1 Zh fdoo E?�c?2�
d suhihuhqfh sur�oh1 Wkh Sduhwr uhodwlrq jhqhudwhg e| E?�c?2� rq f/ ru vlpso|
wkh Sduhwr uhodwlrq ri E?�c?2�/ lv wkh elqdu| uhodwlrq -WE?�c?2� rq f gh�qhg e|

%-WE?�c?2�+/ % ?� + dqg % ?2 +� +514,

D pd{lpdo hohphqw ri wkdw elqdu| uhodwlrq lq f lv d Sduhwr0h!flhqw dowhuqd0
wlyh1 Wkh Sduhwr uhodwlrq -WE?�c?2� lv fohduo| d txdvl0rughu/ l1h1/ d uh h{lyh dqg
wudqvlwlyh elqdu| uhodwlrq1 Dv phqwlrqhg lq wkh Lqwurgxfwlrq/ rxu sxusrvh lv wr
lghqwli| wkh fkdudfwhulvwlf surshuwlhv ri vxfk txdvl0rughuv1 Zh zloo gr vr xqghu
vrph uhjxodulw| uhvwulfwlrqv1

Gh�qlwlrq 41 D suhihuhqfh sur�oh E?�c?2� lv uhjxodu li lw vdwlv�hv wkh iroorzlqj
wkuhh frqglwlrqv=

4, erwk djhqwv* suhihuhqfhv duh frqwlqxrxv +lq wkh xvxdo vhqvh wkdw doo zhdn
xsshu dqg orzhu frqwrxu vhwv duh forvhg,>

5, iru hyhu| dowhuqdwlyh % wkhuh h{lvw Sduhwr0h!flhqw dowhuqdwlyhv %�c %�� vxfk
wkdw %� �� % �2 %

�� dqg/ frqyhuvho|/ iru dq| Sduhwr0h!flhqw dowhuqdwlyhv %�c %��

wkhuh h{lvwv vrph dowhuqdwlyh % vxfk wkdw %� �� % �2 %
��(

6, wkh fruuhvsrqghqfh dvvrfldwlqj zlwk hdfk dowhuqdwlyh % wkh vhw ri dowhuqdwlyhv
zhdno| suhihuuhg wr % e| erwk djhqwv lv orzhu0khplfrqwlqxrxv1

Wkh txhvwlrq zh dqvzhu lq wklv sdshu lv wkh iroorzlqj= li - lv d txdvl0rughu rq
f/ xqghu zkdw frqglwlrqv grhv wkhuh h{lvw d uhjxodu suhihuhqfh sur�oh E?�c?2�
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zkrvh Sduhwr uhodwlrq -WE?�c?2� frlqflghv zlwk -B Li vxfk d sur�oh h{lvwv/ zh
fdoo - d uhjxodu Sduhwldq txdvl0rughu1

Wkh iroorzlqj vwudljkwiruzdug revhuydwlrq zloo eh khosixo1 Wkh suhihuhqfh suh0
rughuv ?�c?2 phhw frqglwlrqv 4, dqg 5, ri Gh�qlwlrq 4 li dqg rqo| li wkh| dgplw
frqwlqxrxv qxphulfdo uhsuhvhqwdwlrqv ��c �2 jhqhudwlqj d frpsohwh xwlolw| vhw= wkdw
lv/ ohwwlqj � ' E��c �2�c zulwlqj yhfwru lqhtxdolwlhv�c :c c dqg gh�qlqj wkh xsshu0
iurqwlhu ri wkh xwlolw| vhw �Ef� e| Y�Ef� ' i% 5 f G wkhuh lv qr + 5 f vxfk wkdw
�E+� : �E%�jc

� 5 �Ef�/ <��c��� 5 Y�Ef� G � ' �� a ���c +515,

zkhuh a ghqrwhv wkh frruglqdwh0e|0frruglqdwh plqlpxp rshudwru1

61 Edvlf frqglwlrqv

Ohw - eh d txdvl0rughu rq f� Ghqrwh e| �c Uc dqg �c wkh dv|pphwulf/ v|pphwulf/
dqg qrqfrpsdudeoh idfwruv ri -/ uhvshfwlyho|1 Ghqrwh e| � wkh xqlrq ri U dqg
� = %�+ wkxv phdqv wkdw % lv lqgl�huhqw ru qrqfrpsdudeoh wr +1 Li + 5 f/ ohw
`-E+� ' i% 5 f G +-%j dqg�-E+� ' i% 5 f G %-+j� Wkhvh duh/ uhvshfwlyho|/ wkh
vhwv ri dowhuqdwlyhv wkdw duh zhdno| zruvh dqg zhdno| ehwwhu wkdq +1 Wr vlpsoli|
qrwdwlrqv/ zh riwhq zulwh ` E+� dqg �E+� lqvwhdg ri `-E+� dqg �-E+�/ hvshfldoo|
lq wkh surriv1 Khuh duh wkuhh edvlf surshuwlhv wkdw hyhu| uhjxodu Sduhwldq txdvl0
rughu - srvvhvvhv1

Surshuw| 4= Frpsohwh Lqwhuphgldwhqhvv1 Ohw %c +c 5 5 f eh sdluzlvh
lqgl�huhqw ru qrqfrpsdudeoh xqghu -/ l1h1/ %�+c %�5c +�51 Wkhq dw ohdvw rqh ri
wkh iroorzlqj vwdwhphqwv lv wuxh= l,`-E+�_`-E5� � `-E%�c ll,`-E%�_`-E5� �
`-E+�c lll, `-E%� _`-E+� � `-E5�� Pruhryhu/ l, dqg ll, duh erwk wuxh rqo| li
%U+> vlploduo|/ l, dqg lll, wrjhwkhu lpso| %U5/ dqg ll, dqg lll, wrjhwkhu lpso| +U5�

Qrwh wkdw %U+ lpsolhv l, dqg ll, iru dq| txdvl0rughu dqg dq| %c + 5 f� Lw iroorzv
wkdw li l, grhv qrw krog/ % pxvw eh qrqfrpsdudeoh wr erwk + dqg 51 Qrwh dovr wkdw
wkh uhjxodulw| ri d suhihuhqfh sur�oh lv lpsruwdqw wr pdnh vxuh wkdw lwv Sduhwr
uhodwlrq vdwlv�hv wkh vhfrqg sduw ri Surshuw| 41

Surshuw| 5= Wudqvlwlyh Lqwhuphgldwhqhvv1 Ohw �c %c +c 5 5 f eh sdluzlvh
lqgl�huhqw ru qrqfrpsdudeoh xqghu -/ dqg %�+1 Li `-E�� _ `-E+� � `-E%�
dqg `-E%� _`-E5� � `-E+�c wkhq `-E�� _`-E5� � `-E%��
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Qrwh wkdw d uhjxodu Sduhwldq txdvl0rughu qhhg qrw vdwlvi| wkh vwurqjhu surshuw|
rewdlqhg e| gursslqj wkh surylvr %�+ lq Surshuw| 5= vxssrvh/ h1j1/ wkdw - '
-WE?�c?2�/ zkhuh ?�c?2 duh uhsuhvhqwhg e| ��c �2 dqg ��E%� ' ��E+� 	 ��E�� 	
��E5� dqg �2E%� ' �2E+� : �2E�� : �2E5��

Surshuw| 6= H{foxvlyh Lqwhuphgldwhqhvv1 Ohw �c %c +c 5 5 f eh sdluzlvh
lqgl�huhqw ru qrqfrpsdudeoh xqghu -/ dqg %�+ dqg %�51 Li `-E�� _`-E+� �
`-E%� dqg `-E�� _`-E5� �`-E%�c wkhq `-E+� _`-E5� - `-E%��

Wkh vwurqjhu surshuwlhv rewdlqhg e| gursslqj hlwkhu ri wkh surylvrv %�+ ru
%�5 duh ylrodwhg e| vrph uhjxodu Sduhwldq txdvl0rughuv= vxssrvh/ h1j1/ wkdw - '
-WE?�c?2�czkhuh ?�c?2 duh uhsuhvhqwhg e| ��c �2 zlwk ��E�� 	 ��E%� ' ��E+� 	
��E5� dqg �2E�� : �2E%� ' �2E+� : �2E5��

Zh frqfoxgh wklv vhfwlrq e| qrwlqj d xvhixo frqvhtxhqfh ri wkh wkuhh deryh
surshuwlhv1

Ohppd 41 Ohw - eh d txdvl0rughu rq f vdwlvi|lqj Surshuwlhv 4/ 5/ 6/ dqg

ohw �c %c +c 5 5 f eh qrqfrpsdudeoh ru lqgl�huhqw xqghu -1 Li `-E��_`-E+� �
`-E%� dqg `-E�� _`-E%� � `-E5�c wkhq `-E+� _`-E5� �`-E%��

Surri1 Dvvxph Surshuwlhv 4/ 5/ 6/ ohw �c %c +c 5 eh qrqfrpsdudeoh ru lqgl�hu0
hqw/ dqg vxssrvh

` E�� _` E+� � ` E%�c +614,

` E�� _` E%� �` E5�� +615,

Vxssrvh/ frqwudu| wr wkh fodlp/ wkdw ` E+� _` E5� - ` E%�� E| Surshuw| 4/
%�+c%�5c dqg dw ohdvw rqh ri wkh iroorzlqj vwdwhphqwv lv wuxh=

` E%� _` E5� �` E+�c +616,

` E%� _` E+� �` E5�� +617,

Vxssrvh +616, lv wuxh1 E| Surshuw| 5/ +614, dqg +616, lpso| wkdw ` E�� _
` E5� � ` E%�/ zklfk wrjhwkhu zlwk +615, lpsolhv %U5 e| Surshuw| 41 Wklv frq0
wudglfwv wkh idfw wkdw %�51

Vxssrvh qh{w wkdw +617, lv wuxh1 Li 5U+/ uhzulwh +614, dv` E��_` E5� � ` E%�=
wklv/ dorqj zlwk +615,/ lpsolhv wkdw %U5c d frqwudglfwlrq1 Li 5U�c uhzulwh +614, dv
` E5� _` E+� � ` E%�= wklv/ dorqj zlwk +617, lpsolhv djdlq/ e| Surshuw| 4/ wkdw
%U5�Zh frqfoxgh wkdw 5 lv qrqfrpsdudeoh wr erwk � dqg +1 E| Surshuw| 6/ wkhq/
+615, dqg +617, lpso| wkdw ` E�� _` E+� - ` E5�/ zkloh +614, dqg +617, wulyldoo|
lpso| wkdw ` E�� _` E+� � ` E5�1 Wklv frqwudglfwlrq frpsohwhv wkh surri1
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71 Uhjxodulw| frqglwlrqv dqg fkdudfwhul}dwlrq wkhruhp

Ghqrwh e| Y-f/ ru vlpso| Yf/ wkh vhw ri pd{lpdo hohphqwv ri - lq f/ l1h1/
Y-f ' i% 5 f G wkhuh lv qr + 5 f vxfk wkdw +�%j� Iru hdfk % 5 f/ gh�qh wkh
h{whulru vhw ri % dv .-E%� ' iE%�c %��� 5 f �f G `-E%��_`-E%��� � `-E%�j( zh
dovr zulwh lw .E%� wr doohyldwh qrwdwlrqv1

Frqvlghu wkh iroorzlqj uhvwulfwlrqv rq -�

Surshuw| 7= Frqwlqxlw|1
4, Wkh vhw Y-f lv d forvhg vxevhw ri f1
5, Iru hdfk % 5 fc �-E%� lv d forvhg vxevhw ri f1
6, Wkh fruuhvsrqghqfh �- G f $$ f lv frqwlqxrxv1
7, Iru hdfk % 5 fc.-E%� lv d forvhg vxevhw ri f �f�

Surshuw| 8= Ulfkqhvv1
4, Wkhuh h{lvwv %f 5 f vxfk wkdw/ iru hyhu| % 5 fc %-%f�

5, Iru doo %c 5 5 f vxfk wkdw %�5c wkhuh h{lvwv vrph + 5 f vxfk wkdw %�+�51

6, Ohw %c + 5 f1 Li iru hyhu| 5 5 Y-fc 5-+ lpsolhv 5-%c wkhq +-%�

Zh duh qrz lq d srvlwlrq wr vwdwh rxu pdlq uhvxow1

Wkhruhp1 D txdvl0rughu rq f vdwlv�hv Surshuwlhv 4 wr 8 li dqg rqo| li lw lv

d uhjxodu Sduhwldq txdvl0rughu1

Wkh surri ri wkh �li� sduw lv doprvw vwudljkwiruzdug1 Lq fkhfnlqj Surshuw|

716/ qrwh wkdw li E?�c?2� lv d uhjxodu sur�oh/ wkh fruuhvsrqghqfh �-WE?�c?2�/ zklfk

zh dvvxphg wr eh orzhu0khplfrqwlqxrxv lq Gh�qlwlrq 4/ lv lq idfw dovr xsshu0

khplfrqwlqxrxv e| frqwlqxlw| ri ?� dqg ?2 �

Wkh surri ri wkh �rqo| li� sduw ri wkh wkhruhp uholhv rq wzr ohppdwd1

Ohppd 51 Li d txdvl0rughu - rq f vdwlv�hv Surshuw| 715 dqg t lv d qrq0

hpsw| frpsdfw vxevhw ri f/ wkhq - kdv d pd{lpdo hohphqw lq t 1 Lq sduwlfxodu/

Y-f lv qrqhpsw|1

Surri1 Ohw - dqg t vdwlvi| wkh dvvxpswlrqv ri wkh ohppd1 Ohw ~ � t eh
dq duelwudu| -0fkdlq lq t = iru doo %c + 5 ~c %-+ ru +-%� Iru hdfk + 5 ~c gh�qh
�E+(t � ' �E+� _ t� Iru hyhu| �qlwh vhw ~ � � ~c _+M~��E+(t � 9' > vlqfh wkh vhwv
�E+(t � duh qrqhpsw| dqg qhvwhg1 E| Surshuw| 715/ hdfk ri wkhvh vhwv lv frpsdfw
+uhfdoo wkdw f lwvhoi lv frpsdfw,1 E| d vwdqgdug uhvxow +vhh/ h1j1/ Uxglq 4<97/
Wkhruhp 5169,/ lw iroorzv wkdw wkh vhw _+M~�E+(t � lv qrqhpsw|1 Dq| hohphqw ri
wkdw vhw lv dq -0xsshu erxqg iru ~� Lqyrnlqj ]ruq*v ohppd frpsohwhv wkh surri1
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Lq zkdw iroorzv/ zh zloo eh frqfhuqhg zlwk elqdu| uhodwlrqv rq Y-f� D elqdu|
uhodwlrq 7 rq Y-f lv frqwlqxrxv li/ iru hyhu| % 5 Y-fc i+ 5 Y-f G + 7 %j dqg
i+ 5 Y-f G % 7 +j duh forvhg vxevhwv ri Y-f� Lw lv -0frqvlvwhqw li

;%c +c 5 5 Y-fc`-E%� _`-E5� � `-E+� / % 7 + 7 5 ru 5 7 + 7 %� +714,

Ilqdoo|/ wzr elqdu| uhodwlrqv 7c7� duh rssrvlwh li/ iru doo % dqg + 5 Y-fc % 7 +/
+ 7� %�

Ohppd 61 Li d txdvl0rughu - rq f vdwlv�hv Surshuwlhv 4/5/6/ dqg 7/ wkhq

wkhuh h{lvw wzr frqwlqxrxv -0frqvlvwhqw rssrvlwh suhrughuv 7,c7o rq Y-f�

Surri1 Ohw - vdwlvi| Surshuwlhv 4 wr 71 Fdoo E5,c 5o� dq h{wuhph sdlu +ri Yf,
li

;% 5 Yfc` E5,� _` E5o� � ` E%�� +715,

Vwhs 41 Dq h{wuhph sdlu ri Yf h{lvwv1
Gh�qh wkh elqdu| uhodwlrq e rq Yf � Yf e|

E%c +�eE%�c +�� /` E%� _` E+� � ` E%�� _` E+��� +716,

Zh fodlp/ �uvw/ wkdw e kdv d pd{lpdo hohphqw lq Yf � Yf� Li %c + 5 Yfc ohw
.WE%c +� ' .E%�_.E+�_ EYf�Yf�� Wklv vhw lv qrqhpsw| vlqfh lw frqwdlqv E%c +�
dqg lw lv frpsdfw e| Surshuw| 714 dqg 7151 Slfn qrz dq duelwudu| e0fkdlq ~ lq
Yf�Yf� Iru dq| �qlwh vhw ~ � � ~c_E%c+�M~�.WE%c +� 9' > ehfdxvh wkh vhwv .WE%c +�
duh qhvwhg1 Lw iroorzv wkdw _E%c+�M~.

WE%c +� lv dovr qrqhpsw|1 Dq| hohphqw ri wkdw
vhw lv dq e0xsshuerxqg iru ~ lq Yf�Yf� Dsso|lqj ]ruq*v ohppd hvwdeolvkhv rxu
fodlp1

Ohw E5,c 5o� eh d pd{lpdo hohphqw ri e lq Yf � Yf1 Zh dujxh qrz wkdw lw lv
dq h{wuhph sdlu ri Yf� Vxssrvh/ e| frqwudglfwlrq/ wkdw

` E5,� _` E5o� -` E%� +717,

iru vrph % 5 Yf� Dffruglqj wr Surshuw| 4/ ` E5,� _` E%� � ` E5o� ru ` E5o� _
` E%� � ` E5,�� Dvvxph wkh iruphu lqfoxvlrq> wkh dujxphqw lv vlplodu li wkh odwwhu
krogv1 Lw lpsolhv wkdw ` E5,� _` E%� �` E5,�_` E5o�/ l1h1/ E5,c %�eE5,c 5o�� Rq wkh
rwkhu kdqg/ +717, lpsolhv wkdw ` E5,� _ ` E5o� - ` E5,� _ ` E%�/ l1h1/ zh gr qrw
kdyh E5,c 5o�eE5,c %�1 Wklv frqwudglfwv wkh idfw wkdw E5,c 5o� lv d pd{lpdo hohphqw ri
e/ wkhuhe| frpsohwlqj wkh surri ri Vwhs41

Fdoo wzr h{wuhph sdluv E+,c +o�c E5,c 5o� -0htxlydohqw li dw ohdvw rqh ri wkh iro0
orzlqj vwdwhphqwv lv wuxh=

+,U5, dqg +oU5oc +718,

9



+,U5o dqg +oU5,� +719,

Vwhs 51 Doo h{wuhph sdluv ri Yf duh -0htxlydohqw1

Ohw E+,c +o�c E5,c 5o� eh wzr h{wuhph sdluv1 Zh fodlp/ �uvw/ wkdw

+,U5, ru +,U5o� +71:,

Vxssrvh/ rq wkh frqwudu|/ wkdw +,�5, dqg +,�5o� E| wkh gh�qlwlrq ri h{wuhph
sdluv/

` E5,� _` E5o� �` E+,�c +71;,

` E+,� _` E+o� � ` E5o�c +71<,

` E+,� _` E+o� � ` E5,�� +7143,

E| Surshuw| 5/ +71;, dqg +71<, lpso|` E5,�_` E+o� � ` E+,� zkloh +71;, dqg +7143,
lpso| ` E+o� _ ` E5o� � ` E+,�� Wkhvh wzr lqfoxvlrqv lpso| e| Surshuw| 6 wkdw
+71;, grhv qrw krog1 Wklv frqwudglfwlrq hvwdeolvkhv +71:,1 Wkh vdph dujxphqw/
pxwdwlv pxwdqglv/ |lhogv wkdw

+oU5, ru +oU5o� +7144,

Wkh fodlp iroorzv qrz hdvlo| iurp +71:, dqg +7144,1 Qrwlfh wkdw li +,U5, dqg
+oU5,c wkhq +,U+o dqg/ xvlqj +71<,/ zh frqfoxgh wkdw +,c +oc 5,c 5o duh doo lqgl�huhqw1
D vlplodu dujxphqw dssolhv li +,U5o dqg +oU5o� Vwhs 5 lv suryhg1

Vwhs 61 Li E5,c 5o� lv dq h{wuhph sdlu/ wkhq/ iru doo %c + 5 Yfc

` E%� _` E+� �` E5,�rqo| li %U5,ru +U5,c +7145,

dqg wklv vwdwhphqw lv dovr wuxh li zh uhsodfh 5, zlwk 5o�

Dvvxph/ e| zd| ri frqwudglfwlrq/ wkdw

` E%� _` E+� � ` E5,�/ %�5, dqg +�5,� +7146,

Vlqfh E5,c 5o� lv dq h{wuhph sdlu/ ` E5,� _ ` E5o� � ` E%� dqg ` E5,� _ ` E5o� �
` E+�� Wkhvh wzr lqfoxvlrqv dqg +7146, lpso| e| Surshuw| 5 wkdw ` E+�_` E5o� �
` E%� dqg` E%�_` E5o� � ` E+�� Surshuw| 4 qrz lpsolhv wkdw %U+c khqfh` E%� '
` E+� ' ` E%� _` E+�c frqwudglfwlqj +7146,1

Vwhs 71 Wkhuh h{lvw wzr -0frqvlvwhqw rssrvlwh suhrughuv rq Yf�

:



Ohw E5,c 5o� eh dq h{wuhph sdlu ri Yf� Gh�qh wkh elqdu| uhodwlrqv 7,c7o rq
Yf dv iroorzv= iru %c + 5 Yfc

% 7, + /` E5,� _` E+� � ` E%�c +7147,

% 7o + /` E5o� _` E+� � ` E%�� +7148,

Zh fodlp wkdw wkhvh uhodwlrqv duh -0frqvlvwhqw rssrvlwh suhrughuv1
Iluvw ri doo/ revhuyh wkdw wkh +xqrughuhg, sdlu ri uhodwlrqv E7,c7o� lv qrw di0

ihfwhg e| wkh fkrlfh ri wkh h{wuhph sdlu E5,c 5o� ehfdxvh ri Vwhs 51
Qh{w/ ohw xv fkhfn wkdw wkhvh uhodwlrqv duh suhrughuv1 Wudqvlwlylw| ri 7, lv

vwudljkwiruzdug= li % 7, + 7, 5/ wkhq ` E5,� _` E+� � ` E%� dqg ` E5,� _` E5� �
` E+�/ dxwrpdwlfdoo| lpso|lqj wkdw ` E5,� _ ` E5� � ` E%�c khqfh % 7, 5� Li 7,

zhuh qrw frpsohwh/ wkhuh zrxog h{lvw %c + 5 Yf vxfk wkdw ` E5,� _` E+� -` E%�
dqg ` E5,�_` E%� - ` E+�� E| Surshuw| 4/ ` E%�_` E+� �` E5,� dqg %�5, dqg
+�5,/ frqwudglfwlqj Vwhs 61 Wklv vkrzv wkdw 7, lv d suhrughu> wkh surri iru 7o lv
vlplodu1

Ohw xv qrz suryh -0frqvlvwhqf|1 Zh pxvw vkrz wkdw +714, krogv wuxh li 7 lv
7, ru 7o � Zh irfxv rq 7,> wkh surri iru 7o lv djdlq vlplodu1

Dvvxph/ �uvw/ wkdw % 7, + 7, 51 Wkhq ` E5,� _ ` E+� � ` E%� dqg ` E5,� _
` E5� �` E+�� E| Ohppd 4/ zh frqfoxgh wkdw ` E%�_` E5� � ` E+�/ dv ghvluhg1
Li 5 7, + 7, %/ wkh vdph frqfoxvlrq iroorzv e| h{fkdqjlqj % dqg 5 lq wkh dujxphqw1

Frqyhuvho|/ vxssrvh qrz wkdw

` E%� _` E5� �` E+�� +7149,

Vlqfh 7, lv frpsohwh/ % 7, + ru + 7, %1 Frqvlghu wkh iruphu fdvh �uvw1 E|
gh�qlwlrq/

` E5,� _` E+� � ` E%�� +714:,

Li %�+/ +7149, dqg +714:, lpso| e| Surshuw| 5 wkdw ` E5,�_` E5� �` E+�/ khqfh
+ 7, 5/ dv ghvluhg1 Rq wkh rwkhu kdqg/ li %U+/ wkhq % �, + dqg zh qhfhvvdulo| kdyh
% �, + 7, 5 ru 5 7, + �, %�

Qh{w/ frqvlghu wkh fdvh zkhuh + 7, %� E| gh�qlwlrq/

` E5,� _` E%� � ` E+�� +714;,

Li +�5 dqg +�5,/ +7149, dqg +714;, lpso| wkurxjk Surshuw| 6 wkdw` E5,�_` E5� -
` E+�� Khqfh/ e| gh�qlwlrq dqg frpsohwhqhvv ri 7,c 5 7, +/ dv ghvluhg1 Li +U5/ wkhq
5 �, + dqg zh duh grqh djdlq1 Ilqdoo|/ li +U5,c +7149, |lhogv` E%�_` E5� � ` E5,�c

;



lpso|lqj e| Vwhs 6 wkdw 5,U% ru 5,U5� Li 5,U%/ wkhq %U+/ khqfh % �, + G djdlq/
% �, + 7, 5 ru 5 7, + �, %/ dv ghvluhg1 Li 5,U5/ wkhq +U5 dqg zh duh grqh djdlq1

Qrz/ ohw xv fkhfn wkdw 7, dqg 7o duh rssrvlwh uhodwlrqv1 Li % 7, +/ wkhq
` E5,� _` E+� � ` E%�� Vlqfh E5,c 5o� lv dq h{wuhph sdlu/ ` E5,� _` E5o� � ` E+��
E| Ohppd 4/ wkhvh wzr lqfoxvlrqv lpso| ` E5o�_` E%� � ` E+�/ khqfh + 7o %/ dv
ghvluhg1 Wkh vdph dujxphqw/ pxwdwlv pxwdqglv/ vkrzv wkdw + 7o % lpsolhv % 7, +�

Ilqdoo|/ ohw xv fkhfn wkdw 7, dqg 7o duh frqwlqxrxv1 Zh �{ % 5 Yf dqg vkrz
wkdw i+ 5 Yf G % 7, +j lv d forvhg vhw1 Frqvlghu d vhtxhqfh i+?j / +? 5 Yf

dqg % 7, +? iru doo ?/ frqyhujlqj wr vrph +f� Vlqfh Yf lv forvhg e| Surshuw| 714/
+f 5 Yf� Pruhryhu/ ` E5,� _` E+?� � ` E%�c l1h1/ E5,c +?� 5 .E%�c iru doo ?� Vlqfh
.E%� lv forvhg e| Surshuw| 717/ E5,c +

f� 5 .E%�� Wkhuhiruh ` E5,�_` E+f� � ` E%�c
khqfh % 7, +

fc surylqj rxu fodlp1 Wkh surri wkdw i+ 5 Yf G + 7, %j lv forvhg lv
vlplodu1 Wkxv 7, lv frqwlqxrxv1 Vlqfh 7o lv rssrvlwh wr 7,c lw wrr lv frqwlqxrxv1
Wklv frpsohwhv wkh surri ri Vwhs 7 dqg wkh ohppd1

Zh pd| qrz suryh rxu wkhruhp1

Surri ri wkh Wkhruhp1

Zh kdyh phqwlrqhg wkdw d uhjxodu Sduhwldq txdvl0rughu vdwlv�hv Surshuwlhv 4
wr 81 Frqyhuvho|/ �{ d txdvl0rughu - rq f vdwlvi|lqj wkrvh surshuwlhv1

Vwhs 4= Frqvwuxfwlqj wkh suhihuhqfh sur�oh E?�c?2�1
Iru hdfk % 5 fc gh�qh �WE%� ' �E%� _ Yf� Wklv vhw lv frpsdfw e| Surshuw|

714 dqg 7151 Ehfdxvh - lv d txdvl0rughu/ �WE%� frlqflghv zlwk wkh vhw ri pd{lpdo
hohphqwv ri - lq �E%�1 Lw lv wkhuhiruh qrqhpsw| e| Ohppd 51 Xvlqj wkh vdph
w|sh ri dujxphqw dv lq wkh surri ri Ohppd 5/ rqh hdvlo| vkrzv wkdw ?, kdv d
plqlpdo hohphqw ,E%� dqg d pd{lpdo hohphqw oE%� lq �WE%�� Lq idfw/

�WE%� ' i+ 5 Yf G ,E%� 7, + 7, oE%�j� +714<,

Lqghhg/ li + 5 Yf dqg ,E%� 7, + 7, oE%�c wkhq % 5 ` E,E%�� _` EoE%�� � ` E+�
vlqfh ,E%�c oE%� 5 �E%� dqg 7, lv -0frqvlvwhqw1 Wklv phdqv wkdw % 5 ` E+�/ l1h1/
+ 5 �WE%��

Li tc t � � Yf duh vxfk wkdw % �, + iru doo %c + 5 t dqg %� �, +
� iru doo

%�c +� 5 t �/ wkh qrwdwlrq t 7, t
� kdv dq reylrxv xqdpeljxrxv phdqlqj1 Zh xvh

d vlplodu qrwdwlrq iru 7o1 Ghqrwh e| bE%� dqg 4E%� wkh +frpsdfw, vhwv ri doo
plqlpdo dqg pd{lpdo hohphqwv ri ?, lq �WE%�c uhvshfwlyho|1 Gh�qh wkh elqdu|
uhodwlrqv 7� dqg 72 rq +wkh hqwluh vhw, f dv iroorzv=

% 7� + / bE%� 7, bE+�c +7153,

<



% 72 +/ 4E%� 7o 4E+�� +7154,

Fohduo|/ wkhvh uhodwlrqv duh suhrughuv1

Vwhs 5= Fkhfnlqj wkdw wkh Sduhwr uhodwlrq ri E?�c?2� frlqflghv zlwk -1
Li +-%c wkhq �WE+� � �WE%�� Uhfdoolqj +714<,/ wklv lpsolhv wkdw bE%� 7, bE+�

dqg 4E%� 7o 4E+�1 Wkhuhiruh % 7� + dqg % 72 +� Frqyhuvho|/ vxssrvh % 7� + dqg
% 72 +1 Wkhq bE%� 7, bE+� dqg 4E%� 7o 4E+� dqg/ e| +714<,/ �WE+� � �WE%�� E|
Surshuw| 816/ +-%�

Vwhs 6= Fkhfnlqj uhjxodulw|1

614, Iluvw/ ohw xv hvwdeolvk wkdw wkh wzr elqdu| uhodwlrqv duh frqwlqxrxv1 Zh
vwduw r� e| qrwlqj wkdw wkh fruuhvsrqghqfhv b dqg 4 iurp f wr Yf duh xsshu0
khplfrqwlqxrxv1 Iru dq| % 5 fc bE%� lv wkh vhw ri pd{lpdo hohphqwv ri d frqwlq0
xrxv suhrughu ryhu wkh qrqhpsw| frpsdfw vhw �WE%�� Vlqfh e| Surshuw| 714 dqg
716/ �W G f $$ f lv d frqwlqxrxv fruuhvsrqghqfh/ b lv xsshu0khplfrqwlqxrxv
e| +d yhuvlrq ri, wkh pd{lpxp wkhruhp1 D vlplodu dujxphqw dssolhv wr 4�

Il{ qrz % 5 f dqg fkhfn wkdw i+ 5 f G % 7� +j lv forvhg1 Frqvlghu d vhtxhqfh
i+?j lq wkdw vhw frqyhujlqj wr vrph +f� Vlqfh f lv forvhg/ +f 5 f� Iru hdfk ?c

bE%� 7, bE+?�� Uhfdoolqj wkh gh�qlwlrq ri 7, iurp +7147,/ zh fdq fkrrvh vrph
,E%� 5 bE%� dqg/ iru hdfk ?c vrph ,E+?� 5 bE+?�c vxfk wkdw ` E5,� _` E,E+?�� �
` E,E%��/ l1h1/ E5,c ,E+?�� 5 .E,E%�� iru doo ?1 Vlqfh b lv frpsdfw0ydoxhg dqg xsshu0
khplfrqwlqxrxv/ vrph vxevhtxhqfh ri i,E+?�j frqyhujhv wr d olplw ,f 5 bE+f�1
Vlqfh .E,E%�� lv forvhg e| Surshuw| 717/ E5,c ,f� 5 .E,E%��� Vr ,E%� 7, ,

f/ khqfh
bE%� 7, bE+f�c lpso|lqj wkdw % 7� +

f/ dv ghvluhg1 D vlplodu dujxphqw hvwdeolvkhv
wkdw i+ 5 f G + 7� %j lv dovr forvhg1 Wklv suryhv wkdw ?� lv frqwlqxrxv> d vlplodu
dujxphqw dssolhv wr ?2 �

615, Vlqfh ?� dqg ?2 duh frqwlqxrxv suhrughuv rq d frqqhfwhg vhw/ wkh| dgplw
frqwlqxrxv qxphulfdo uhsuhvhqwdwlrqv ��c �2� Vlqfh f lv frpsdfw dqg frqqhfwhg/
vr lv �Ef��Zh qrz vkrz wkdw �Ef� lv dovr frpsohwh lq wkh vhqvh gh�qhg e| +515,1

Iluvw/ ohw ��c ��� 5 Y�Ef�/ vd|/ ��

� � ���

� dqg ��

2 � ���

2/ dqg ohw xv fkhfn wkdw
�� a ��� 5 �Ef�1 Vxssrvh qrw1 Wkh vhw

~n

� ' i� 5 �Ef� G �� ' ��

� dqg �2 � ���

2j

lv frpsdfw/ qrqhpsw| +vlqfh lw frqwdlqv ��,/ dqg grhv qrw frqwdlq ��a���1 Khqfh/
wkhuh h{lvwv �W

2
: ���

2
vxfk wkdw E��

�
c �W

2
� 5 ~n

�
dqg �2 � �W

2
iru doo E��c �2� 5 ~n

�
�

Wkh vhw
~3

� ' i� 5 �Ef� G �� ' ��

� dqg �2 � ���

2j
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lv dovr frpsdfw dqg grhv qrw frqwdlq �� a ���� Zh fodlp wkdw ~3

� ' >� Rwk0
huzlvh/ wkhuh h{lvwv �WW

2
	 ���

2
vxfk wkdw E��

�
c �WW

2
� 5 ~3

�
dqg �2 � �WW

2
iru doo

E��c�2� 5 ~3

� 1 E| Surshuw| 815/ wkhuh h{lvwv vrph �2 vxfk wkdw �WW

2 	 �2 	 �W

2

dqg E��

�c �2� 5 �Ef�/ frqwudglfwlqj wkh gh�qlwlrqv ri �W

2 dqg �WW

2 1 Wkh vdph
dujxphqw/ pxwdwlv pxwdqglv/ vkrzv wkdw wkh vhw

~3

2
' i� 5 �Ef� G �� � ��

�
dqg �2 ' ���

2
j

lv dovr hpsw|1 E| Surshuw| 814/ krzhyhu/ wkhuh h{lvwv vrph �f 5 �Ef�c �f �
�� a ���� Wklv frqwudglfwv wkh idfw wkdw �Ef� lv frqqhfwhg1

Frqyhuvho|/ ohw xv qrz �{ � 5 �Ef� dqg vkrz wkdw wkhuh h{lvw ��c ��� 5 Y�Ef�
vxfk wkdw � ' �� a ���� Ohw % 5 f eh vxfk wkdw �E%� ' �� Iurp Vwhs 4/ �WE%� '
i+ 5 Yf G bE%� 7, + 7, 4E%�j� Uhfdoolqj wkdw 7, dqg 7o duh rssrvlwh/ revhuylqj
wkdw bE+� �, + �o 4E+� iru dq| + 5 Yf dqg xvlqj wkh gh�qlwlrqv ri ?�c?2c zh vhh
wkdw

�WE%� ' i+ 5 Yf G ��E+� � ��E,E%�� dqg �2E+� � �2EoE%��j� +7155,

Zh fodlp wkdw
�E%� ' �E,E%�� a �EoE%���

Vlqfh ,E%�c oE%� 5 �WE%�c zh reylrxvo| kdyh �E%� � �E,E%�� a �EoE%��� Vxssrvh
�E%� 	 �E,E%��a�EoE%��� Dv zh kdyh vkrzq/ wkh uljkw0kdqg vlgh ri wklv lqhtxdolw|
ehorqjv wr �Ef�� Ohw wkxv %� 5 f eh vxfk wkdw �E%�� ' �E,E%�� a �EoE%�� '
E��E,E%��c �2EoE%���� E| +7155,/ �WE%� ' �WE%��� Wklv frqwudglfwv Surshuw| 816
vlqfh %��%�

81 Uhihuhqfhv

Dl}hupdq/ P1 dqg I1 Dohvnhury +4<<8,/ Wkhru| ri Fkrlfh/ Dpvwhugdp= Qruwk0
Kroodqg1

Grqdogvrq/ G1 dqg M1 Zh|pdun +4<<;,/ �D Txdvlrughulqj lv wkh Lqwhuvhfwlrq ri
Rughulqjv�/ Mrxuqdo ri Hfrqrplf Wkhru| :;/ 6;506;:1

Gxjjdq/ M1 +4<<;,/ �D Jhqhudo Wkhruhp iru Elqdu| Uhodwlrqv�/ plphr1

Gxvkqln/ E1 dqg Z1 Ploohu +4<74,/ �Sduwldoo| Rughuhg Vhwv�/ Dphulfdq Mrxuqdo

ri Pdwkhpdwlfv 96/ 93309431

Uxglq/ Z1 +4<:9,/ Sulqflsohv ri Pdwkhpdwlfdo Dqdo|vlv/ Qhz \run= PfJudz0Kloo1

V}sloudmq/ H1 +4<63, �Vxu o*H{whqvlrq gh o*Ruguh Sduwlho�/ Ixqgdphqwd Pdwkhpdw0

lfdh 49/ 6;906;<1
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Iljxuh 4= D txdvl0rughu wkdw lv qrw d wzr0djhqw Sduhwr uhodwlrq

@ K S % + 5

@ - - -

K - - -

S - - -

% -

+ -

5 -
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