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RÉSUMÉ

Nous réexaminons la version discrète du modèle axiomatique de partage de coûts.

Nous proposons une condition de cohérence (informationnelle) qui exige que la solution

d'un problème soit identique à celle donnée à au moins un de ses raffinements. Nous

prouvons qu'une règle linéaire strictement cohérente doit être une règle d'ordre aléatoire

simple.

Mots clés : partage de coûts, additivité, ordre aléatoire

ABSTRACT

We reconsider the discrete version of the axiomatic cost-sharing model. We

propose a condition of (informational) coherence requiring that not all informational

refinements of a given problem be solved differently from the original problem. We prove

that strictly coherent linear cost-sharing rules must be simple random-order rules.

Key words : cost sharing, additivity, random order



41 Lqwurgxfwlrq

Wklv sdshu uhfrqvlghuv wkh sureohp ri doorfdwlqj wkh frvw ri d exqgoh ri jrrgv ru
vhuylfhv dprqj d vhw ri frqvxphuv1 Qxphurxv h{dpsohv kdyh ehhq vwxglhg lq wkh
olwhudwxuh= Krz vkrxog zh vsolw wkh ryhukhdg frvwv ri d �up dprqj lwv ydulrxv glyl0
vlrqv +Vkxeln +4<95,,B Krz vkrxog zh sulfh wkh xvh ri sxeolf idflolwlhv +Orhkpdq
dqg Zklqvwrq +4<:7,,/ whohskrqh v|vwhpv +Eloohud dqg Khdwk +4<;5,,/ frpsxwhu
qhwzrunv +Vkhqnhu +4<<8,,/ wudqvsruwdwlrq v|vwhpv +Khqulhw dqg Prxolq +4<<9,,/
dlusruw uxqzd|v +Olwwohfklog dqg Rzhq +4<:6,,/ luuljdwlrq qhwzrunv +Ddgodqg dqg
Nroslq +4<<;,,B Iru pruh h{dpsohv/ zh uhihu wkh uhdghu wr Vkxeln +4<;5,/ \rxqj
+4<<7, dqg Prxolq +4<<8e,1

Wkh exon ri wkh d{lrpdwlf olwhudwxuh rq wkh frvw vkdulqj sureohp kdv ghyhorshg
lq wkh frqwh{w ri wkh iroorzlqj prgho1 Djhqw � ' �c ���c ? ghpdqgv d txdqwlw| ^� ri
d shuvrqdol}hg jrrg dqg wkh wrwdo frvw �E^�c ���c ^?� pxvw eh vsolw htxlwdeo| dprqj
wkh ? djhqwv1 Wkh ghpdqg yhfwru ^ ' E^�c ���c ^?� dqg wkh frvw ixqfwlrq � duh wkh
rqo| gdwd ri wkh sureohp1

Wzr vshfldo fdvhv ri wklv prgho kdyh uhfhlyhg pxfk dwwhqwlrq1 Li ^� ' ��� '
^? ' � dqg � lv gh�qhg rq ifc �j?c zh rewdlq wkh frrshudwlyh jdph prgho +xsrq
lghqwli|lqj d frdolwlrq zlwk wkh yhfwru lq ifc �j? zkrvh frruglqdwhv fruuhvsrqglqj
wr wkh phpehuv ri wkdw frdolwlrq duh � zkloh wkh rwkhuv duh f,1 Wklv fruuhvsrqgv
wr dq dvvxpswlrq ri frpsohwh lqglylvlelolw| ri wkh jrrgv1 Lq wkh Dxpdqq0Vkdsoh|

sulflqj prgho/ rq wkh rwkhu kdqg/ ^�c ���c ^? duh duelwudu| qrqqhjdwlyh uhdo qxpehuv
dqg � lv gh�qhg rq U?

n
� Jrrgv duh wkxv dvvxphg wr eh shuihfwo| glylvleoh1 Wkh

ydvw olwhudwxuh rq wkh vr0fdoohg Dxpdqq0Vkdsoh| sulfhv pdnhv wkdw dvvxpswlrq
+vhh/ h1j1/ wkh vxuyh| e| Wdxpdq +4<;;,, dqg vr grhv prvw ri wkh uhfhqw olwhudwxuh
vsdzq e| Prxolq dqg Vkhqnhu*v +4<<5, vhplqdo duwlfoh rq wkh vhuldo phfkdqlvp
+vhh/ h1j1/ Iulhgpdq dqg Prxolq +4<<;,/ Nroslq +4<<9,/ Nrvwhu hw do1 +4<<:,/
Prxolq dqg Vkhqnhu +4<<7,/ dqg Vsuxprqw +4<<;,,1

Lq d uhfhqw sdshu/ Prxolq +4<<8d, sursrvhv d glvfuhwh uhirupxodwlrq ri wkh
Dxpdqq0Vkdsoh| prgho lq zklfk jrrgv frph lq lqglylvleoh xqlwv= ^�c ���c ^? duh
duelwudu| qrqqhjdwlyh lqwhjhuv dqg � lv gh�qhg ryhu Q?1 Wklv dssurdfk dyrlgv
wkh whfkqlfdo dvvxpswlrqv dqg frpsolfdwlrqv ri wkh frqwlqxrxv irupxodwlrq +wklv
wxuqv rxw wr eh h{wuhpho| khosixo zkhq dgguhvvlqj wkh gl!fxow sureohp ri vwudwh0
jlf pdqlsxodelolw|= vhh Prxolq +4<<:,, dqg qlfho| hqfrpsdvvhv wkh wudglwlrqdo
frrshudwlyh jdph prgho dv wkh vshfldo fdvh zkhuh doo djhqwv ghpdqg d vlqjoh
xqlw1

Rxu sxusrvh khuh lv wr wdnh ixuwkhu dgydqwdjh ri wkdw glvfuhwh prgho wr glvfxvv
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lqirupdwlrqdo lvvxhv wkdw gr qrw dulvh lq hlwkhu wkh frrshudwlyh jdph prgho ru wkh
frqwlqxrxv iudphzrun ri Dxpdqq dqg Vkdsoh|1 Rxu vwduwlqj srlqw lv wkh iroorzlqj
wulyldo revhuydwlrq1 Lq d sureohp zkhuh wkh ghpdqg yhfwru lv ^/ wkh rqo| uhohydqw
lqirupdwlrq lv wkh uhvwulfwlrq ri wkh frvw ixqfwlrq wr wkh yhfwruv ehwzhhq f dqg ^1
Lq wkh glvfuhwh prgho/ wklv dprxqwv wr E^� n ��E^2 n �����E^? n �� qxpehuv= Wkh
uhohydqw lqirupdwlrq/ wkhuhiruh/ jhwv ulfkhu dv ^ jurzv41

Jrlqj rqh vwhs ixuwkhu/ zh revhuyh wkdw d frvw0vkdulqj sureohp pd| eh �uh0
�qhg� e| dgglqj +ru ohduqlqj, lqirupdwlrq derxw frvwv dw �lqwhuphgldwh� surgxf0
wlrq yhfwruv1 Wkh vlpsohvw uh�qhphqwv rewdlq e| eorzlqj xs wkh phdvxuhphqw
vfdohv= lqvwhdg ri nqrzlqj frvwv/ vd|/ shu wrq/ zh zrxog nqrz wkhp shu nlorjudp1
Lw pdnhv vhqvh iru d frvw0vkdulqj uxoh wr xvh vxfk dgglwlrqdo lqirupdwlrq dqg/
shukdsv/ wr uhylvh wkh frvw vkduhv ruljlqdoo| ghflghg xsrq1 Li wkh uxoh lv frkhuhqw/
krzhyhu/ wkhuh vkrxog h{lvw dw ohdvw rqh frqfhlydeoh uh�qhphqw ri wkh sureohp dw
kdqg iru zklfk wkh frvw vkduhv uhpdlq xqfkdqjhg1 Wklv lqirupdwlrqdo frkhuhqfh
surshuw|/ irupdoo| gh�qhg lq Vhfwlrq 7/ lv wkh vxemhfw ri wkh sdshu1

Lq wkh wudglwlrq ri pxfk ri wkh frvw0vkdulqj olwhudwxuh/ rxu dqdo|vlv zloo eh
frq�qhg wr olqhdu frvw0vkdulqj uxohv/ l1h1/ uxohv wkdw vdwlvi| wkh vwudljkwiruzdug
h{whqvlrqv ri wkh dgglwlylw| dqg gxpp| d{lrpv iurp frrshudwlyh jdph wkhru| wr
rxu prgho1 Rxu pdlq uhvxow lv Wkhruhp 4 lq Vhfwlrq 8= lw vwdwhv wkdw hyhu| olqhdu
dqg ghpdqg0prqrwrqlf uxoh vdwlvi|lqj +d vwulfw irup ri, rxu frkhuhqfh d{lrp lv
d udqgrp0rughu uxoh lq wkh wudglwlrqdo frrshudwlyh jdph0wkhruhwlf vhqvh1 +Wkh
ghpdqg prqrwrqlflw| surshuw|/ lqwurgxfhg lq Prxolq +4<<8d,/ phuho| uhtxluhv
wkdw dq djhqw*v frvw vkduh grhv qrw ghfuhdvh zkhq klv ghpdqg lqfuhdvhv1, Wkhruhp
4 pd| eh lqwhusuhwhg dv dq dujxphqw iru wkh frrshudwlyh jdph prgho= hyhq wkrxjk
zh kdyh pxfkpruh lqirupdwlrq wkdq zkdw lv vxppdul}hg lq d frrshudwlyh jdph�
exw vwloo ohvv wkdq wkh �frpsohwh� lqirupdwlrq dvvxphg e| wkh frqwlqxrxv prgho�/
lw lv gl!fxow wr xvh lw lq d frkhuhqw zd|1

51 Prgho dqg qrwdwlrqv

Wkh prgho lv hvvhqwldoo| wkdw ri Prxolq +4<<8d,1 Ohw � ' i�c 2c ���c ?j/ ? � 2c eh
d �qlwh vhw ri djhqwv1 Djhqw � 5 � ghpdqgv jrrg � rqo|> � lv wkhuhiruh dovr wkh
vhw ri jrrgv1 D ghpdqg yhfwru lv dq hohphqw ^ ri Q� / zkhuh Q ' ifc �c 2c ���j> wkdw
lv/ jrrgv duh qrw shuihfwo| glylvleoh1 D frvw ixqfwlrq lv d qrqghfuhdvlqj ixqfwlrq
� G Q� $ U vxfk wkdw �Ef� ' f1 Wkh vhw ri doo frvw ixqfwlrqv lv ghqrwhg e|

4Qrwlfh wkdw qrwklqj ri wkh vruw kdsshqv lq wkh frqwlqxrxv prgho1
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F1 D +frvw0vkdulqj, sureohp lv d sdlu E^(�� lq Q� � F1 D +frvw0vkdulqj, uxoh

% dvvrfldwhv zlwk hdfk sureohp E^(�� d olvw ri qrqqhjdwlyh frvw vkduhv %E^(��
vdwlvi|lqj wkh exgjhw edodqfh frqglwlrq

S
�M�

%�E^(�� ' �E^�1 Wkh rqo| gl�huhqfh
zlwk Prxolq*v prgho lv wkdw zh gr qrw doorz iru fdsdflw| frqvwudlqwv1

Lw pd| eh zruwk qrwlqj wkdw wklv irupdo iudphzrun fdq eh jlyhq dqrwkhu
lqwhusuhwdwlrq wkdq wkh rqh vxjjhvwhg e| rxu whuplqrorj|1 Rqh fdq wklqn ri ^� dv
wkh txdqwlw| ri vrph lqsxw/ shukdsv vrph w|sh ri oderu/ frqwulexwhg e| djhqw �c
dqg uhlqwhusuhw � dv d surgxfwlrq ixqfwlrq1 Wkh ixqfwlrq % lv wkhq dq rxwsxw0
vkdulqj uxoh1 Lq wkh vhtxho/ zh zloo vwlfn wr wkh frvw0vkdulqj whuplqrorj|1

Yhfwru lqhtxdolwlhv duh zulwwhq �c :c 1 Li ^ lv d ghpdqg yhfwru lq Q� dqg
7 � �c ^7 ghqrwhv wkh uhvwulfwlrq ri ^ wr 7� Zh vrphwlphv zulwh ^ dv E^7c ^�37�1
Zh dovr xvh wkh qrwdwlrq �7 lqvwhdg ri � � 7 dqg zulwh � lqvwhdg ri i�j1 Li
| � ^/ wkh qrwdwlrq d|7c ^7 o vwdqgv iru wkh lqwhjhu er{ ��M7i|�c |� n �c ���c ^�j1 Zh

zulwh o|7c^7 o iru d|7c ^7 oqi|7j dqg o|7c ^7 d iru d|7c ^7 oqi|7c ^7j1 D fruqhu ri wkh er{

d|7 c ^7 o lv d yhfwru lq ��M7i|�c ^�j� Zh ghqrwh e| �E^� wkh vhw ri dfwlyh djhqwv dw

^/ l1h1/ �E^� ' i� 5 � G ^� : fj� Zh ohw �� vwdqg iru wkh yhfwru lq Q� zkrvh �wk

frpsrqhqw lv � li � ' � dqg f rwkhuzlvh1 Li E^(�� lv d sureohp dqg ^� : f/ zh
gh�qh Y��E^� ' �E^�� �E^ � ����

61 Olqhdulw|

Wklv sdshu lv h{foxvlyho| frqfhuqhg zlwk dgglwlyh uxohv vdwlvi|lqj wkh vr0fdoohg

gxpp| d{lrp1

Gh�qlwlrq 41 D uxoh % lv dgglwlyh li %E^(� n � �� ' %E^(�� n %E^(� �� iru hyhu|
ghpdqg yhfwru ^ dqg dq| frvw ixqfwlrqv � dqg � �1 Lw vdwlv�hv wkh gxpp| d{lrp

li %�E^(�� ' f zkhqhyhu Y��E|� ' f iru hyhu| ghpdqg yhfwru | 5 Q� vxfk wkdw

|� : f1

Dgglwlyh uxohv vdwlvi|lqj wkh gxpp| d{lrp dgplw d idploldu uhsuhvhqwdwlrq1

Dq djhqw*v frvw vkduh lv d zhljkwhg vxp ri klv pdujlqdo frvwv=

Ohppd 41 D uxoh % lv dgglwlyh dqg vdwlv�hv wkh gxpp| d{lrp li dqg rqo| li/ iru

hyhu| ^ 5 Q� dqg � 5 �E^�/ wkhuh lv d pdsslqj k
^

� G d��c ^o $ Un vxfk wkdw

%�E^(�� '
S

|Md�� c^o

k
^
� E|�Y��E|� iru hdfk � 5 F/ +614,

dqg S

�M�E|�

S

r
3�Md|3�c^3�o

k
^
� E|�c r3�� ' � iru hdfk | 5ofc ^o1 +615,
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Wklv ohppd fruuhvsrqgv lq rxu glvfuhwh iudphzrun wr Iulhgpdq dqg Prxolq*v
+4<<:, uhsuhvhqwdwlrq ohppd lq wkh frqwlqxrxv prgho dqg wr Zhehu*v Wkhruhp 5
lq wkh frrshudwlyh jdph prgho1 D surri ri lw pd| eh irxqg lq Zdqj +4<<;,1 Zh
fdoo wkh froohfwlrq k ' Ek^

� �^MQ� c�M�E^� wkh zhljkw v|vwhp dvvrfldwhg zlwk wkh uxoh
%1 Wklv v|vwhp lv xqltxh1 Frqglwlrq +615, hqvxuhv exgjhw edodqfh dqg lpsolhv
wkdw %�E^(�� ' f zkhqhyhu ^� ' f1

Iurp qrz rq/ zh dgrsw wkh iroorzlqj whuplqrorj|1

Gh�qlwlrq 51 D olqhdu uxoh lv dq dgglwlyh uxoh vdwlvi|lqj wkh gxpp| d{lrp1

D vlpsoh exw xvhixo lpsolfdwlrq ri wkh exgjhw edodqfh frqglwlrq pd| eh qrwhg
uljkw dzd|1

Ohppd 51 Ohw % eh d olqhdu uxoh zlwk dvvrfldwhg zhljkw v|vwhp k1 Wkhq/ iru

hyhu| ^ 5 Q� dqg hyhu| | 5ofc ^dc

S

�M�E^�G|�:f

k
^
� E|� '

S

�M�E^�G|�	^�

k
^
� E|n ���� +616,

Surri1 Ohw % eh d olqhdu uxoh zlwk dvvrfldwhg zhljkw v|vwhp k/ ohw ^ 5 Q� dqg
| 5ofc ^d1 Gh�qh wkh frvw ixqfwlrqv �W

| dqg �WW

| dv iroorzv=

�W

| Er� ' � li r � | dqg f rwkhuzlvh/

�WW

| Er� ' � li r : | dqg f rwkhuzlvh1

Dsso|lqj exgjhw edodqfh wr E^(�W

| � dqg E^(�WW

| � |lhogv/ uhvshfwlyho|/

S

�M�E^�G|�:f

S

r
3�Md|

3�c^3� o

k
^
� E|�c r3�� ' �

dqg S

�M�E^�G|�:f

S

r
3�Mo|

3�c^3� o

k
^
� E|�c r3��n

S

�M�E^�G|�	^�

k
^
� E|n ��� ' ��

Frpelqlqj wkhvh wzr htxdwlrqv jlyhv +616,1

Lw lv frqyhqlhqw wr lqwurgxfh dw wklv vwdjh d ihz h{dpsohv wkdw zloo sod| d uroh
lq wkh vhtxho1 Wkh vlpsohvw olqhdu uxohv duh wkh lqfuhphqwdo uxohv1 Ohw ^ 5 Q� dqg
zulwh

S
�M�

^� ' ^E� �1 D sdwk wr ^ lv d pdsslqj Z^ G ifc�c ���c ^E��j $ dfc ^o vxfk
wkdw l, Z^Ef� ' f dqg ll, iru hdfk & 5 ifc �c ���c ^E� �j/ Z^E&� lv lghqwlfdo wr Z^E&���
lq doo frruglqdwhv exw rqh/ vd|/ wkh �wk/ iru zklfk Z

^

� E&� ' Z
^

� E& � �� n �1 D sdwk

v|vwhp dvvrfldwhv zlwk hdfk ghpdqg yhfwru ^ 5 Q� d sdwk wr ^� Wkh lqfuhphqwdo
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frvw0vkdulqj uxoh jhqhudwhg e| d sdwk v|vwhp Z/ ru Z0lqfuhphqwdo uxoh/ rewdlqv e|
fkdujlqj hdfk djhqw wkh vxp ri klv pdujlqdo frvwv dorqj wkh sdwk uhfrpphqghg
e| wkh v|vwhp Z1 Pruh suhflvho|/ li E^(�� lv d sureohp dqg � 5 � / zh frpsxwh
iru hyhu| |� 5 d�c ^�o wkh xqltxh lqwhjhu & 'G &E|�� iru zklfk Z

^

� E& � �� ' |� � � dqg
Z
^

� E&� ' |�/ dqg wkhq fkdujh djhqw �

%Z^

� E^(�� '
S

|�Md�c^� o

Y��EZ^E&E|����5

Wkh ehvw nqrzq uxohv duh frqyh{ frpelqdwlrqv ri lqfuhphqwdo uxohv1 Rqh
srvvlelolw| lv/ iru hdfk ghpdqg yhfwru ^/ wr dyhudjh ryhu doo sdwkv wr ^ zlwk lghqwlfdo
zhljkw1 Wklv zdv �uvw vxjjhvwhg e| Dxpdqq dqg Vkdsoh| +4<:7,1

Gh�qlwlrq 61 WkhDxpdqq0Vkdsoh| uxoh %�7 uhfrpphqgv wkh dulwkphwlf dyhudjh
ri wkh frvw vkduhv frpsxwhg e| wkh lqfuhphqwdo uxohv= iru hdfk sureohp E^(�� dqg
� 5 � /

%�7� E^(�� '
�

m � E^� m

S

Z^M� E^�

%Z
^

� E^(��c

zkhuh � E^� ghqrwhv wkh vhw ri sdwkv wr ^1

Dq dsshdolqj ihdwxuh ri wkh Dxpdqq0Vkdsoh| uxoh lv wkdw lw jlyhv srvlwlyh
zhljkw wr wkh pdujlqdo frvwv dw doo lqwhuphgldwh surgxfwlrq yhfwruv16 Wklv lpsolhv
wkh qlfh Frqyhuvh Gxpp| d{lrp= rqo| wkh gxpplhv sd| qrwklqj1 Irupdoo|/

Frqyhuvh Gxpp|1 Iru hyhu| sureohp E^(�� dqg � 5 �E^�/ %�E^(�� ' f rqo| li

Y��E|� ' f iru hyhu| | 5 d��c ^o1

Rqh frxog dovr frqfhqwudwh/ iru hdfk ^/ rq wkrvh sdwkv wkdw iroorz wkh hgjhv ri

wkh er{ dfc ^o1 Ohw PE� � eh wkh vhw ri shupxwdwlrqv rq wkh djhqw vhw � 1 Iru hdfk

j 5 PE�� dqg ^ 5 Q� / ghqrwh e| Z^Ej� wkh xqltxh sdwk lq dfc ^o wkdw dvvxphv wkh

ydoxhv E^7c f37�/ 7 ' ijE��jc ijE��c jE2�jc ���c ijE��c jE2�c ���c jE?�j1

Gh�qlwlrq 71 Ohw b G Q� � PE�� $ U
� eh d zhljkw ixqfwlrq dvvljqlqj wr hdfk

ghpdqg yhfwru ^ dqg hdfk shupxwdwlrq j rq � d qrqqhjdwlyh zhljkw bE^c j�/ zlwkS
jMPE�� bE^c j� ' � iru hyhu| ^1 Wkh b�udqgrp0rughu uxoh %b fkdujhv wr djhqw �

lq sureohp E^(�� wkh frvw vkduh

%b� E^(�� '
S

jMPE��

bE^c j�%
Z^Ej�
�

E^(���

5Wklv h{suhvvlrq vkrxog eh xqghuvwrrg wr eh }hur li tl @ 31
6Wklv surshuw| lv orvw lq wkh frqwlqxrxv prgho1
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Li b lv frqvwdqw lq ^/ l1h1/ bE^c j� ' bE^�c j� iru doo ^c ^�c j/ zh fdoo %b d �{hg0

udqgrp0rughu uxoh1 Wkh prvw idprxv h{dpsoh lv wkh vr0fdoohg Vkdsoh|0Vkxeln uxoh

%77 c zkhuh bE^c j� ' �*?- iru doo E^c j�= vhh Vkxeln +4<95,1 Li wkh ghpdqg yhfwru
^ kdv dq lpsdfw rqo| wkurxjk wkh vhw ri dfwlyh djhqwv/ l1h1/ li bE^c j� ' bE^�c j�
zkhqhyhu �E^� ' �E^��/ zh fdoo %b d vlpsoh udqgrp0rughu uxoh1

Shukdsv wkh pdlq gudzedfn ri wkh udqgrp0rughu uxohv lv wkdw wkh| ylrodwh wkh
frqyhuvh gxpp| surshuw|1 Wr vhh krz dfxwh d sureohp wklv pd| eh/ vxssrvh
? ' 2c ^ ' E�fffc �fff�c �E|� ' f li |� n |2 � �fff dqg |� 	 �fffc dqg �E|� ' �
rwkhuzlvh1 Dowkrxjk wklv frvw ixqfwlrq lv doprvw shuihfwo| v|pphwulf +uhsodflqj
�E�fffc f� zlwk }hur zrxog uhvwruh v|pphwu|,/ wkh Vkdsoh|0Vkxeln uxoh fkdujhv
qrwklqj wr djhqw 51

71 Frkhuhqfh

Zh frph qrz wr rxu fhqwudo d{lrp/ zklfk lpsrvhv rq wkh frvw0vkdulqj uxoh d irup
ri frkhuhqfh zlwk uhvshfw wr wkh lqirupdwlrq dydlodeoh wr frpsxwh wkh frvw vkduhv1
Frqvlghu wkh h{dpsoh ri d wzr0glylvlrq �up surgxflqj/ vd|/ ehhu dqg vrgd1 Wkh
ghpdqg iru hdfk surgxfw lv �{hg dqg gdwd rq wkh mrlqw frvwv ri surgxfwlrq duh
dydlodeoh rq d shu0khfwrolwhu edvlv1 Nqrzlqj wklv frvw ixqfwlrq/ wkh �up dssolhv d
frvw0vkdulqj uxoh wr frpsxwh hdfk glylvlrq*v frvw vkduh1 Vxssrvh qh{w wkdw wkh �up
frphv wr ohduq lwv frvw ixqfwlrq pruh suhflvho|/ vd|/ rq d shu0olwhu edvlv1 Vwlfnlqj
wr lwv idyrulwh frvw0vkdulqj uxoh exw kdylqj pruh lqirupdwlrq/ lw pd| zhoo ghflgh
wr prgli| wkh ruljlqdo frvw vkduhv1 Krzhyhu/ li wkh qhz frvw vkduhv gl�hu iurp wkh
rog rqhv qr pdwwhu zkdw wkh uh�qhg frvw ixqfwlrq wxuqv rxw wr eh/ wkh uxoh odfnv
lqirupdwlrqdo frkhuhqfh1 Wklv lv suhflvho| zkdw wkh d{lrp wkdw zh duh derxw wr
gh�qh uxohv rxw1

Ohw Qn ' i�c2c ���j1 Iru hyhu| ghpdqg yhfwru ^ 5 Q
� dqg hyhu| o '

Eo�c o2c ���c o?� 5 Q
�

n / gh�qh wkh yhfwru o  ^ G' Eo�^�c o2^2c ���c o?^?�1 Vd| wkdw d
frvw ixqfwlrq �o o0uh�qhv d frvw ixqfwlrq � li �oEo  |� ' �E|� iru hyhu| | 5 Q� 1

Frkhuhqfh1 Iru hyhu| sureohp E^(�� dqg hyhu| o 5 Q
�
n / wkhuh h{lvwv d frvw

ixqfwlrq �o zklfk o0uh�qhv � vxfk wkdw %E^(�� ' %Eo  ^(�o��

Ohw KE�( o� eh wkh vhw ri frvw ixqfwlrqv zklfk o0uh�qh �� Qrwh wkdw KE�( o�
lv d qrqhpsw| frqyh{ vhw/ vr wkdw lwv uhodwlyh lqwhulru lv qrqhpsw| dv zhoo1 Yhu|

pxfk lq wkh vslulw ri Frkhuhqfh exw voljkwo| vwurqjhu lv wkh iroorzlqj frqglwlrq1

Vwulfw Frkhuhqfh1 Iru hyhu| sureohp E^(�� dqg hyhu| o 5 Q�
n / wkhuh h{lvwv d

frvw ixqfwlrq �o lq wkh uhodwlyh lqwhulru ri KE�( o� vxfk wkdw %E^(�� ' %Eo^(�o��

9



Frpelqhg zlwk olqhdulw|/ Frkhuhqfh wxuqv rxw wr eh yhu| ghpdqglqj1 Zh vwduw

r� zlwk wkh iroorzlqj glvdssrlqwlqj revhuydwlrq1

Sursrvlwlrq 41 Wkh Dxpdqq0Vkdsoh| uxoh lv qrw frkhuhqw1

Surri1 Frqvlghu wkh wzr0djhqw fdvh ? ' 21 Wkh zhljkw v|vwhp k dvvrfldwhg zlwk

wkh Dxpdqq0Vkdsoh| uxoh lv jlyhq e|

k^
� E|� '

m � E|� ��� mm � E^ � |� m

m � E^� m

iru hyhu| ^ 5 Q2c � 5 �E^�c dqg | 5 d��c ^o/ zkhuh zh uhfdoo wkdw � E|� lv wkh vhw ri
sdwkv iurp f wr |1 Lq sduwlfxodu/ rqh �qgv

kE�c2�
� E2c �� '

2

D
dqg kESc2�

� E�c �� ' kESc2�
� Eec�� '

�

.
�

Frqvlghu wkh sureohp EE�c2�(�� jlyhq e|

�E|� ' � li | � E2c �� ru |2 � 2c dqg �E|� ' f rwkhuzlvh1

Revhuyh wkdw Y��E2c �� ' � dqg Y��E|� ' f li | 9' E2c��� Wkhuhiruh/

%�7� EE�c 2�(�� ' kE�c2�
� E2c ��Y��E2c �� '

2

D
�

Ohw o ' E2c ��1 Iru hyhu| frvw ixqfwlrq �o zklfk o0uh�qhv �/ Y��oE|� ' f iru

doo | *5 iE�c��c Eec ��jc dqg Y��
oE�c �� n Y��

oEec�� ' Y��E2c�� ' �� Wkhuhiruh/

%�7� EESc 2�(�o� ' kESc2�
� E�c ��Y��

oE�c �� n kESc2�
� Eec��Y��

oEec �� '
�

.
9'

2

D
c

frqwudyhqlqj Frkhuhqfh1

81 Vlpsoh udqgrp0rughu uxohv

Zh ehjlq e| wdnlqj d vhfrqg orrn dw wkh vlpsoh udqgrp0rughu uxohv gh�qhg lq Vhf0

wlrq 61 Jlyhq d ghpdqg yhfwru ^/ hyhu| frvw ixqfwlrq � jhqhudwhv d +frrshudwlyh,
jdph7 �^ wkurxjk wkh irupxod

�^E7� ' �E^7c f�37� iru hyhu| 7 � ��

7Wkdw lv/ d uhdo0ydoxhg pdsslqj gh�qhg rq wkh vhw ri vxevhwv ri Q dvvljqlqj }hur wr wkh

hpsw| vhw1

:



Wkh qxpehu �^E7� lv mxvw wkh frvw ri ixoo| vhuylqj wkh phpehuv ri 7/ dqg �^ lv
wkhuhiruh riwhq fdoohg wkh vwdqg0dorqh frvw jdph jhqhudwhg e| �c jlyhq ^1 Wklv
jdph lv prqrwrqlf +l1h1/ �^E7� � �^EA � zkhqhyhu 7 � A , dqg/ frqyhuvho|/ jlyhq
^/ hyhu| prqrwrqlf jdph lv wkh vwdqg0dorqh frvw jdph jhqhudwhg e| vrph frvw
ixqfwlrq �1 Li % lv d vlpsoh udqgrp0rughu uxoh/ wkhuh lv d froohfwlrq E17�7a� ri
udqgrp0rughu ydoxhv8 rq wkh vhw ri prqrwrqlf jdphv/ rqh iru hdfk vxevhw ri djhqwv/
vxfk wkdw

%E^(�� ' 1�E^�E�^� iru hyhu| sureohp E^(���

Wklv phdqv/ �uvw/ wkdw d vlpsoh udqgrp0rughu uxoh xvhv yhu| olwwoh lqirupdwlrq
wr vroyh dq| sduwlfxodu frvw0vkdulqj sureohp/ qdpho|/ wkh dvvrfldwhg vwdqg0dorqh
frvw jdph1 Exw lw ixuwkhu phdqv wkdw wklv lqirupdwlrq lv xvhg lq d idluo| uljlg
zd|= wkh vdph udqgrp0rughu ydoxh lv xvhg iru doo ghpdqg yhfwruv zlwk wkh vdph
vhw ri dfwlyh djhqwv1

Wkhvh ihdwxuhv � vlpsolflw| dqg uljlglw| � jxdudqwhh wkdw d vlpsoh udqgrp0
rughu uxoh % lv dozd|v wulyldoo| vwulfwo| frkhuhqw1 Lq idfw/ iru hyhu| sureohp E^(��
dqg o 5 Q�

n / wkh htxdolw| %E^(�� ' %Eo  ^(�o� krogv qrw rqo| iru vrph/ exw lq
idfw iru hyhu|/ frvw ixqfwlrq �o zklfk o0uh�qhv �1 Dv zh vkdoo vhh lq Vhfwlrq 9/
wkhuh duh rwkhu vwulfwo| frkhuhqw olqhdu uxohv1 Doo ri wkhp/ krzhyhu/ wxuq rxw wr
ylrodwh wkh dsshdolqj uhtxluhphqw ri Ghpdqg Prqrwrqlflw| lqwurgxfhg e| Prxolq
+4<<8d,=

Ghpdqg Prqrwrqlflw|1 Iru hyhu| sureohp E^(�� dqg hyhu| djhqw � 5 � /
%�E^(�� � %�E^ n ��(���

Wkhruhp 41 D olqhdu uxoh vdwlv�hv Vwulfw Frkhuhqfh dqg Ghpdqg Prqrwrqlflw|
li dqg rqo| li lw lv d vlpsoh udqgrp0rughu uxoh1

Surri1 Lw lv zhoo nqrzq +dqg hdvlo| fkhfnhg, wkdw vlpsoh udqgrp0rughu uxohv duh
ghpdqg0prqrwrqlf/ dqg zh kdyh mxvw vhhq wkdw wkh| duh vwulfwo| frkhuhqw1

Frqyhuvho|/ ohw % eh d olqhdu uxoh zlwk dvvrfldwhg zhljkw v|vwhp k1 Wklv uxoh
lv �{hg iru wkh uhvw ri wkh surri1

Vwhs 41 D frqvhtxhqfh ri +Vwulfw, Frkhuhqfh1
Ohw ^ 5 Q� c � 5 �c o� 5 Qnc | 5 d��c ^o� Ghqrwh e| UEo�|�� wkh lqwhjhu lqwhuydo

oo�E|� � ��c o�|�o dqg zulwh Eo�^�c ^3�� 'G ^�1 Zh fodlp wkdw li % lv frkhuhqw/ wkhq

4�?
|�
�
MUEo�|��

k
^�

� E|
�

�c |3�� � k
^

� E|�c |3�� � 4@ 
|�
�
MUEo�|��

k
^�

� E|
�

�c |3�� +814,

8Lq wkh xvxdo frrshudwlyh jdph0wkhruhwlf vhqvh ri Zhehu +4<;;/ Vhfwlrq ;,1

;



dqg li % lv vwulfwo| frkhuhqw/ erwk wkhvh lqhtxdolwlhv pxvw eh vwulfw xqohvv k^�

� E�c |3��
lv frqvwdqw rq UEo�|���

Wkh dujxphqw h{whqgv wkh surri ri Sursrvlwlrq 41 Gh�qh wkh frvw ixqfwlrq �

dv iroorzv=

�Er� ' � li r � | ru r� � |� n � iru vrph � 9' �/ dqg �Er� ' f rwkhuzlvh1 +815,

Qrwh wkdw Y��E|� ' � zkloh Y��Er� ' f zkhqhyhu r 9' |1 Iru dq| frvw ixqfwlrq � �

zklfk Eo�c f3��0uh�qhv �c wkh ghulydwlyh Y��
� lv }hur hyhu|zkhuh h{fhsw srvvleo| dw

wkh srlqwv E|��c |3��/ |
�

� 5 UEo�|��/ dqg

S

|�
�
MUEo�|��

Y��
�E|��c |3�� ' ��

Li k^

� E|�c |3�� 	 4�?|�
�
MUEo�|�� k

^�

� E|
�

�c |3��/ zh pxvw wkhuhiruh kdyh %�E^(�� 	 %�E^
�(� ���

Olnhzlvh/ li k^

� E|�c |3�� : 4@ |�
�
MUEo�|�� k

^�

� E|
�

�c |3��c zh rewdlq %�E^(�� : %�E^�(� ���
Wklv suryhv +814,1

Wr suryh wkh vhfrqg sduw ri rxu fodlp/ dvvxph qrz wkdw/ vd|/

k
^

� E|�c |3�� ' 4�?
|�
�
MUEo�|��

k
^�

� E|
�

�c |3�� 	 4@ 
|�
�
MUEo�|��

k
^�

� E|
�

�c |3��� +816,

Revhuyh wkdw d Eo�c f3��0uh�qhphqw � � ri � lv frpsohwho| ghwhuplqhg e| wkh ydo0
xhv lw dvvxphv dw wkh srlqwv E|��c |3��c |

�

� 5oo�E|� � ��c o�|�d1 Fdoolqj wkhvh ydoxhv
��c ���c �o�3�c zh pd| lghqwli| wkh vhw ri Eo�c f3��0 uh�qhphqwv ri � zlwk wkh vhw

K ' iE��c ���c �o�3�� G f � �� � ��� � �o�3� � �j�

Wkh uhodwlyh lqwhulru ri K rewdlqv e| uhsodflqj doo zhdn lqhtxdolwlhv lq wkh gh0
�qlwlrq ri K zlwk vwulfw lqhtxdolwlhv1 Wklv uhodwlyh lqwhulru fruuhvsrqgv h{dfwo| wr
wkh vxevhw ri frvw ixqfwlrqv � � iru zklfk Y��

�E|��c |3�� : f iru hyhu| |�� 5 UEo�|���
Iru vxfk ixqfwlrqv/ +816, lpsolhv %�E^(�� 	 %�E^

�(� ��/ frqwudyhqlqj Vwulfw Fr0

khuhqfh1 D vlplodu frqwudglfwlrq dulvhv li zh dvvxph 4�?|�
�
MUEo�|�� k

^�

� E|
�

�c |3�� 	

4@ |�
�
MUEo�|�� k

^�

� E|
�

�c |3�� ' k^

� E|�c |3�� lqvwhdg ri +816,1

Vwhs 51 Wkh frqvhtxhqfhv ri Ghpdqg Prqrwrqlflw|1

Zh fodlp wkdw li % lv ghpdqg0prqrwrqlf/ lwv zhljkw v|vwhp k vdwlv�hv wkh
iroorzlqj surshuw|=

;^ 5 Q� c;� 5 �E^�c;| 5 d��c ^oc k^n��

� E|� ' k^

� E|�� +817,

<



Vxssrvh +817, idlov= wkhuh h{lvw ^ 5 Q
� c � 5 �E^� dqg | 5 d��c ^o vxfk wkdw

k
^n��

� E|� 9' k
^

� E|�� E| exgjhw edodqfh/ wkhuh lv qr orvv lq dvvxplqj

k^n��

� E|� 	 k^

� E|� +818,

iru li wkh rssrvlwh vwulfw lqhtxdolw| krogv/ wkhuh pxvw dq|zd| h{lvw vrph |�

3� 5

dfc ^3�o vxfk wkdw k
^n��

� E|�
3�c |�� 	 k

^

� E|
�

3�c |�� lq rughu wr hqvxuh wkdw
S

r
3�Mdf3�c^3�o

k
^

� E|�c r3�� ' � '
S

r
3�Mdf3� c^3�o

k
^n��

� E|�c r3��c dv lv uhtxluhg e| +615, vshfldol}hg wr

wkh yhfwru E|�c f3��� Frqvlghu djdlq wkh frvw ixqfwlrq � suhylrxvo| gh�qhg lq +815,1
Iurp +818,/

%�E^ n ��(�� ' k^n��

� E|� 	 k^

� E|� ' %�E^(��c

ylrodwlqj Ghpdqg Prqrwrqlflw|1

Vwhs 61 Frpelqlqj wkh frqvhtxhqfhv ri Vwulfw Frkhuhqfh dqg Ghpdqg Prqrwrqlf0

lw|1

Il{ ^ 5 Q� � Iurp Vwhs 5/ zh nqrz wkdw iru hdfk � 5 �E^� wkhuh lv d pdsslqj
@� G Qn � dfc ^3�o$ Un vxfk wkdw

;^�� 5 Qnc;| 5 d��c E^��c ^3��oc k
E^�

�
c^3��

� E|� ' @�E|�� +819,

Zh fodlp wkdw iru hyhu| | 5 dfc ^o/ wkh iroorzlqj lv wuxh=

�
;� 5 �E^�c @�E�c |3�� lv d frqvwdqw pds dqg/ li
|3� lv qrw d fruqhu ri dfc ^3�oc @�E�c |3�� lv }hur1

�
+81:,

Wkh surri ri wklv fodlp lv e| lqgxfwlrq rq wkh qxpehu ri dfwlyh djhqwv zkrvh
ghpdqg lv ixoo| phw dw |c qdpho|/ /E|� G'm i� 5 �E^� G |� ' ^�j m �

Vwhs 6141Zh suryh wkdw +81:, krogv li /E|� ' f�

Il{ | 5 dfc ^o vxfk wkdw /E|� ' fc l1h1/ |� 	 ^� iru doo � 5 �E^�� Zh xvh dq
dx{loldu| lqgxfwlrq dujxphqw rq wkh qxpehu ri dfwlyh djhqwv zkrvh ghpdqg lv
sduwldoo| phw dw |c qdpho|/ BE|� G'm i� 5 �E^� G f 	 |� 	 ^�j m �

614141 Zh vwduw r� e| vkrzlqj wkdw +81:, krogv wuxh li /E|� ' f dqg BE|� ' fc
l1h1/ | ' f� Lq wklv fdvh +81:, uhgxfhv wr wkh iroorzlqj vwdwhphqw=

;� 5 �E^�c @�E�cf3�� lv d frqvwdqw pds1 +81;,

43



Wr suryh +81;,/ qrwh �uvw wkdw hdfk @�E�c f3�� lv qrqlqfuhdvlqj=

;� 5 �E^�c;r� 5 Qnc @�Er�c f3�� � @�Er� n �c f3��� +81<,

Wklv lv d frqvhtxhqfh ri +819, dqg exgjhw edodqfh> lw iroorzv/ h1j1/ e| fkrrvlqj
^�� : r� dqg xvlqj +616, zlwk | ' Er�c f3��� Lqyrnlqj qrz Frkhuhqfh/ zh vhh wkdw
@�E�c f3�� pxvw eh frqvwdqw rq Qn�i2j G iru li @�Er�c f3�� : @�Er�n�c f3�� iru vrph
r� � 2c wkhq +819, dqg +81<, zrxog lpso|/ xsrq fkrrvlqj ^�� : r� dqg qrwlqj wkdw
2r� : r� n �/ wkdw

;r�� 5 UE2r��c k
E^�

�
c^
3��

� Er�c f3�� : k
E2^�

�
c^3��

� Er��c f3���

Dffruglqj wr Vwhs 4/ wklv frqwudglfwv Frkhuhqfh1 Vwuhqjwkhqlqj Frkhuhqfh wr
Vwulfw Frkhuhqfh doorzv xv wr �qdoo| rewdlq +81;,1 Iru vxssrvh @�E��c f3�� :

@�E2�c f3��� Fkrrvlqj ^�� : �c zh jhw

4@ 
r�
�
Mt�c2�

k
E2^�

�
c^3��

� Er��c f3�� ' k
E^�

�
c^3��

� E��c f3��

: k
E^�

�
c^3��

� E2�c f3��

' 4�?
r�
�
Mt�c2�

k
E2^�

�
c^3��

� Er��cf3��c

zklfk frqwudglfwv wkh frqvhtxhqfh ri Vwulfw Frkhuhqfh hvwdeolvkhg lq Vwhs 41

614151 Kdylqj suryhg +81;,/ zh qrz frpsohwh wkh dx{loldu| lqgxfwlrq dujxphqw1
Il{ dq lqwhjhu _c f � _ 	m �E^� mc dqg dvvxph wkdw

ED�.� lv wuxh zkhqhyhu /E|� ' f dqg BE|� � _� +8143,

Zh zloo suryh wkdw +81:, krogv iru hyhu| | vxfk wkdw /E|� ' f dqg BE|� ' _ n ��
Il{ vxfk d |� Lw fdq eh zulwwhq | ' E|� c f�3��/ zkhuh f� � |� � ^� dqg

� kdv fduglqdolw| _ n �� Wr suryh +81:,/ frqvlghu �uvw wkh djhqwv lq �� Iru dq|
� 5 � / frqvwuxfw |� e| uhsodflqj |� zlwk f dqg nhhslqj doo rwkhu frruglqdwhv ri
| xqfkdqjhg/ l1h1/ |� ' E|�3�c f�3E�3���1 Vlqfh /E|�� ' f dqg BE|�� ' _c zh pd|
dsso| wkh lqgxfwlrq k|srwkhvlv +8143, dqg frqfoxgh/ vlqfh |�3� ' |3�c wkdw

;� 5�c@�E�c |3�� lv frqvwdqw/ +8144,

dqg lv }hur li |3� lv qrw d fruqhu ri dfc ^3�o�
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Qh{w/ dsso| Ohppd 5 wr |� Wklv |lhogv

S

�M�

@�E|� '
S

�M�E^�

@�E|n ����

Ehfdxvh ri +8144,/ wklv phdqv wkdw @�E|n�
�� ' @�E��c |3�� ' f iru hyhu| � 5 �E^����

Lqyrnlqj qrz wkh frqvhtxhqfh ri Vwulfw Frkhuhqfh ghulyhg lq Vwhs 4/ zh frqfoxgh
wkdw/ lq idfw/ wkh zkroh pds @�E�c |3�� lv }hur iru hyhu| � 5 �E^���� Wklv frpsohwhv
rxu dx{loldu| lqgxfwlrq dujxphqw dqg suryhv wkdw +81:, lv wuxh zkhqhyhu /E|� ' f�

Vwhs 6151 Zh fduu| wkh pdlq lqgxfwlrq dujxphqw1

Uhwxuqlqj wr wkh pdlq lqgxfwlrq dujxphqw/ �{ dq lqwhjhu �c f � � � m �E^� mc
dqg dvvxph wkdw

ED�.� lv wuxh zkhqhyhu /E|� � �� +8145,

Zh zloo suryh wkdw +81:, lv wuxh iru dq| | vxfk wkdw /E|� ' � n �1 H{dfwo| dv lq
Vwhs 614/ zh xvh dq dx{loldu| dujxphqw e| lqgxfwlrq rq BE|��

615141 Zh vwduw r� e| vkrzlqj wkdw +81:, lv wuxh li /E|� ' / n � dqg BE|� ' f�
Lq wklv fdvh/ zh pd| zulwh | ' Ef� c ^�3��c zkhuh m E� �� � _�E^� m' / n �1 Lq
wklv fdvh/ vlqfh |3� lv d fruqhu ri dfc ^3�o iru hyhu| � 5 �E^�/ +81:, uhgxfhv wr wkh
iroorzlqj vwdwhphqw=

;� 5 �E^�c @�E�c |3�� lv d frqvwdqw pds1 +8146,

Wr suryh +8146,/ frqvlghu �uvw dq duelwudu| djhqw � 5 E��� �_�E^�1 Frqvwuxfw
|� e| uhsodflqj |� ' ^� zlwk |�� 	 ^� zkloh nhhslqj doo uhpdlqlqj frruglqdwhv ri |
xqfkdqjhg1 Vlqfh /E|�� ' �/ zh pd| dsso| wkh lqgxfwlrq k|srwkhvlv +8145, dqg
frqfoxgh/ vlqfh |3� ' |�

3�/ wkdw

;� 5 E� ��� _�E^�c @�E�c |3�� lv d frqvwdqw pds/ +8147,

Wr frpsohwh wkh surri/ frqvlghu qh{w dq duelwudu| djhqw � 5� 1 Zh �uvw vkrz
wkdw @�E�c |3�� lv qrqlqfuhdvlqj/ wkdw lv wr vd|/

@�Er�c |3�� � @�Er� n �c |3�� +8148,

iru hyhu| r� 5 Qn� Wr vhh zk| +8148, lv wuxh/ uhfdoo +819,/ fkrrvh ^�� : r�/ dqg dsso|
+616, lq Ohppd 5 wr wkh yhfwru Er�c |3�� ' Er�c f�3�c ^�3� � wr jhw

@�Er�c |3��n
S

�ME�3��K�E^�

@�Er�c |3�� '
S

�M�

@�EEr�c |3�� n ���� +8149,
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Qrz/ iru dq| duelwudu| � 5 E� � �� _ �E^�/ uhsodfh |� ' ^� zlwk |�� 	 ^� lq
wkh yhfwru Er�c |3�� dqg dsso| wkh lqgxfwlrq k|srwkhvlv +8145,= wklv |lhogv wkdw
@�Er�c |3�� ' f� Wkhuhiruh +8149, lpsolhv +8148,1

Vlqfh @�E�c |3�� lv qrqlqfuhdvlqj/ Vwulfw Frkhuhqfh lpsolhv wkdw lw lv/ lq idfw/
frqvwdqw= wkh dujxphqw lv wkh vdph dv lq 61414 deryh1 Vlqfh wklv lv wuxh iru hyhu|
� 5�c +8146, lv suryhg1

615151 Kdylqj hvwdeolvkhg +8146,/ zh qrz frpsohwh wkh dx{loldu| lqgxfwlrq
dujxphqw1 Il{ _c f � _ 	m �E^� mc dqg dvvxph wkdw

ED�.� lv wuxh zkhqhyhu /E|� ' � n � dqg BE|� � _� +814:,

Zh zloo suryh wkdw +81:, lv wuxh iru hyhu| | vxfk wkdw /E|� ' �n� dqg BE|� ' _n��
Il{ vxfk d | dqg zulwh lw | ' EE|ucf�3u�c ^�3� �/ zkhuh fu � |u � ^uc m u m'
_n �/ dqg m E� �� � _�E^� m' � n ��

Frqvlghu �uvw wkh djhqwv lq E� � � � _ �E^�� Iru dq| djhqw � lq wkdw vhw/
frqvwuxfw d yhfwru |� e| uhsodflqj |� ' ^� zlwk vrph |�� 	 ^� dqg nhhslqj doo
rwkhu frruglqdwhv ri | xqfkdqjhg1 Qrwh wkdw /E|�� ' �1 Dsso|lqj wkh lqgxfwlrq
k|srwkhvlv +8145, |lhogv

;� 5 E� ��� _�E^�c @�E�c |3�� ' f� +814;,

Qh{w frqvlghu dq| djhqw � 5 u� Frqvwuxfw |� e| uhsodflqj |� : f zlwk |�� ' f
dqg nhhslqj doo uhpdlqlqj frruglqdwhv ri | xqfkdqjhg1 Qrwh wkdw BE|�� ' B zkloh
/E|�� ' � n �� Dsso|lqj wkh lqgxfwlrq k|srwkhvlv +814:, jlyhv xv

;� 5 uc @�E�c |3�� lv d frqvwdqw pds +814<,

dqg lw lv }hur li |3� lv d fruqhu ri dfc ^3�o1
Ilqdoo|/ dsso| +616, lq Ohppd 5 wr |� Wklv |lhogv

S

�Mu

@�E|�n
S

�ME�3��K�E^�

@�E|� '
S

�M�

@�E|n ���c

zklfk/ dorqj zlwk +814;, dqg +814<,/ jlyhv @�E��c |3�� ' f iru hyhu| � 5 � � u�

Lqyrnlqj Vwulfw Frkhuhqfh dqg Vwhs 4 djdlq/ wkh odwwhu vwdwhphqw lpsolhv wkdw

;� 5� � uc @�E�c |3�� ' f� +8153,

Jdwkhulqj +814;,/ +814<,/ dqg +8153,/ zh duh grqh1
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Vwhs 71 Frqfoxglqj wkh surri1

Il{ ^ 5 Q� � Jdwkhulqj +614,/ +819,/ dqg +81:,/ zh jhw

%�E^(�� '
S

7a�3�

k^� E^7��c f3E7����d�E^7��c f3E7����� �E^7c f37�o +8154,

iru hyhu| � 5 �E^� dqg � 5 Fczkhuh k^� E^7��c f3E7���� � f iru hyhu| 7 � � � �

e| +614, dqg
S

7a�3�
k^� E^7��c f3E7���� ' � e| exgjhw edodqfh +dv fdq eh vhhq e|

vshfldol}lqj +615, wr | ' E^�c f3����
Wklv phdqv wkdw/ iru hyhu| �c wkhuh lv dq lqglylgxdo suredelolvwlf ydoxh +lq wkh

vhqvh ri Zhehu +4<;;/ Vhfwlrq 5,, 1^� gh�qhg rq wkh vhw ri prqrwrqlf jdphv vxfk
wkdw iru hyhu| frvw ixqfwlrq �/ %�E^(�� ' 1

^
� E�^�/ zkhuh �^ lv wkh vwdqg0dorqh

frvw jdph dvvrfldwhg zlwk E^(��1 Lqyrnlqj Wkhruhp 46 lq Zhehu +4<;;,/ zh
frqfoxgh wkdw wkhuh lv d udqgrp0rughu ydoxh 1^ rq wkh prqrwrqlf jdphv vxfk wkdw
%E^(�� ' 1^E�^� iru doo � 5 F1

Wr frpsohwh wkh surri ri rxu Wkhruhp/ zh pxvw vkrz wkdw 1^
�

' 1^ zkhqhyhu
�E^�� ' �E^�� Frqvwuxfw ^n e| uhsodflqj doo }hur frruglqdwhv ri ^ zlwk rqhv/ l1h1/
^n ' E^�E^�c �3�E^��� Iru hyhu| frvw ixqfwlrq �/ gh�qh wkh frvw ixqfwlrq ^n� e|

^n�E|� ' �E^n  |� iru doo | 5 Q� �

Wkxv/ � ^n0uh�qhv ^n� dqg ^ ' ^n  E��E^�cf3�E^��1 Vlqfh % uhfrpphqgv wkh
vdph frvw vkduhv lq doo sureohpv wkdw kdyh wkh vdph vhw ri dfwlyh djhqwv dqg
jhqhudwh wkh vdph vwdqg0dorqh frvw jdph/ Frkhuhqfh lpsolhv wkdw %E^(� �� '
%EE��E^�c f3�E^��(

^n �� iru doo frvw ixqfwlrqv � � wkdw ^n0uh�qh ^n�1 Lq sduwlfxodu/

%E^(�� ' %EE��E^�c f3�E^��(
^n ���

Uhwxuqlqj wr +8154,/ zh frqfoxgh wkdw k^ ' kE��E^�cf3�E^��� Vlqfh ^ lv duelwudu|/
wklv phdqv wkdw k^

�

' k^/ khqfh 1^
�

' 1^c zkhqhyhu �E^�� ' �E^�1

Wzr fruroodulhv duh hdvlo| ghulyhg iurp Wkhruhp 41 Dq xqsohdvdqw ihdwxuh ri
vlpsoh udqgrp0rughu uxohv zklfk duh qrw �{hg0udqgrp0rughu uxohv lv wkdw wkh frvw
vkduhv jhqhudoo| ghshqg rq wkh ghpdqgv iru gxpp| jrrgv1 Wkh iroorzlqj d{lrp
uxohv rxw vxfk ghshqghqfh=

Lqghshqghqfh ri Gxpp| Ghpdqgv1 Iru hyhu| sureohp E^(�� dqg hyhu|

djhqw � 5 � / %E^(�� ' %EEf�c ^3��(�� zkhqhyhu Y��E|� ' f iru doo | 5 Q� vxfk

wkdw |� : f�
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Fruroodu| 41 D olqhdu uxoh vdwlv�hv Vwulfw Frkhuhqfh/ Ghpdqg Prqrwrqlflw|/

dqg Lqghshqghqfh ri Gxpp| Ghpdqgv li dqg rqo| li lw lv d �{hg0udqgrp0rughu

uxoh1

Surri1 Wkh �li� vwdwhphqw lv fohdu1 Wr suryh wkh frqyhuvh/ �{ d uxoh % vdw0

lvi|lqj wkh irxu surshuwlhv dvvxphg lq Fruroodu| 41 E| Wkhruhp 4/ % lv d vlp0

soh udqgrp0rughu uxoh zlwk dvvrfldwhg zhljkw ixqfwlrq b� Vlqfh wklv ixqfwlrq lv

frqvwdqw ryhu doo ghpdqg yhfwruv zlwk wkh vdph vhw ri dfwlyh djhqwv/ zh pd|

ylhz lw dv d pdsslqj rq 2� � PE��� Wkxv/ zlwk d voljkw dexvh ri qrwdwlrq/

%E^(�� '
S

jMPE�� bE�E^�c j�%
Z
^Ej�

� E^(�� iru hyhu| sureohp E^(��� Frqvlghu vxfk

d sureohp1 Vxssrvh doo djhqwv rxwvlgh �E^� duh gxpplhv/ l1h1/ Y�� ' f iru hyhu|
� 5 ���E^��Zulwlqj j ��E^� j

� li j dqg j� udqn wkh djhqwv lq�E^� lq wkh vdph ru0
ghu +l1h1/ iru doo �c � 5 �E^�c jE�� � jE�� li dqg rqo| li j�E�� � j�E��,/ Lqghshqghqfh
ri Gxpp| Ghpdqgv lpsolhv

S

j�;�E^�j

bE�E^�c j�� ' bE�cj� iru doo j 5 PE� ��

Wkhuhiruh %E^(�� '
S

jMPE�� bE�cj�%Z
^Ej�

� E^(�� iru hyhu| sureohp E^(��/ surylqj
wkh fodlp1

Wkh vhfrqg fruroodu| xvhv wkh idploldu v|pphwu| d{lrp1

V|pphwu|1 Iru hyhu| sureohp E^(�� dqg dq| wzr djhqwv �c �c %�E^(�� ' %�E^(��
zkhqhyhu ^� ' ^� dqg � lv v|pphwulf lq � dqg �*v ghpdqgv1

Fruroodu| 51 Wkh Vkdsoh|0Vkxeln uxoh lv wkh rqo| olqhdu uxoh vdwlvi|lqj Vwulfw

Frkhuhqfh/ Ghpdqg Prqrwrqlflw|/ dqg V|pphwu|1

Surri1 Xvh Wkhruhp 4 dqg wkh zhoo0nqrzq idfw wkdw wkh Vkdsoh| ydoxh lv wkh
rqo| v|pphwulf udqgrp0rughu ydoxh1

91 Glvfxvvlrq

9141 Gursslqj Ghpdqg Prqrwrqlflw|

Li zh gr qrw lqvlvw rq Ghpdqg Prqrwrqlflw|/ zh fdq frqvwuxfw vwulfwo| frkhuhqw
olqhdu uxohv wkdw duh qrw vlpsoh udqgrp0rughu uxohv1 Khuh lv dq h{dpsoh iru ? ' 2
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dqg ^  f�9 Iru hyhu| |� 5 dfc ^�oc ohw ZE�c |��E�� eh wkh xqltxh sdwk wr ^ zkrvh
udqjh frqwdlqv E|�c f� dqg E|�c ^2�1 Olnhzlvh/ iru hyhu| |2 5 dfc ^2o/ ZE2c |2�E�� ghqrwhv
wkh sdwk zkrvh udqjh frqwdlqv Efc |2� dqg E^�c |2�1 Zh uhihu wr vxfk sdwkv dv vwudljkw
sdwkv ehfdxvh/ lqirupdoo| vshdnlqj/ wkh| vkrz qr wxuqlqj srlqw lq wkh lqwhulru ri
wkh er{ dfc ^o1 Rxu uxoh lv d frqyh{ frpelqdwlrq ri wkh lqfuhphqwdo uxohv jhqhudwhg
e| wkh vwudljkw sdwkv1 Zh gr qrw zhljkw wkhvh sdwkv htxdoo|/ krzhyhu1 Udwkhu/
zh dwwdfk zhljkw �*2^2 wr hyhu| sdwk ZE�c |��c f 	 |� 	 ^�c dqg �*2^� wr hyhu|
sdwk ZE2c |2�c f 	 |2 	 ^2� Wkh wzr sdwkv iroorzlqj wkh hgjhv ri wkh er{/ qdpho|/
ZE�c f� ' ZE2c ^2� dqg ZE�c ^�� ' ZE2c f�c uhfhlyh zhljkw E^� n ^2�*e^�^2 hdfk1

Wkh zhljkw v|vwhp +lq wkh vhqvh ri Ohppd 4, dvvrfldwhg zlwk wklv uxoh lv hdvlo|
frpsxwhg= iru hyhu| ^ f/ zh rewdlq

k^

�
E|� '

;?
=

�

2^�^2
E ^�n^2

2
n E^� � |��^2� li |2 ' fc

�

2^2
li f 	 |2 	 ^2c

�

2^�^2
E ^�n^2

2
n E|� � ��^2� li |2 ' ^2c

<@
> +914,

dqg d frpsohwho| v|pphwulf h{suhvvlrq iru k
^

2� Vwudljkwiruzdug dojheud vkrzv
wkdw wklv zhljkw v|vwhp vdwlv�hv wkh frqglwlrq vkrzq wr eh qhfhvvdu| iru Vwulfw
Frkhuhqfh ri d olqhdu uxoh lq Vwhs 4 ri wkh surri ri Wkhruhp 41 Dv rqh hdvlo|
vkrzv/ wkdw frqglwlrq lv dovr vx!flhqw iru Vwulfw Frkhuhqfh zkhq ? ' 2= rxu uxoh
lv wkhuhiruh vwulfwo| frkhuhqw:1

Wkh sureohp ri fkdudfwhul}lqj doo wkh frkhuhqw +ru vwulfwo| frkhuhqw, olqhdu
uxohv uhpdlqv rshq1

9151 Zhdnhqlqj Vwulfw Frkhuhqfh

Olqhdu uxohv wkdw duh ghpdqg0prqrwrqlf dqg frkhuhqw/ exw qrw vwulfwo| vr/ qhhg
qrw eh udqgrp0rughu uxohv1 Dq h{dpsoh +zklfk zh gh�qh djdlq rqo| iru ? ' 2
dqg ^  f, lv wkh dulwkphwlf dyhudjh ri wkh wzr lqfuhphqwdo uxohv jhqhudwhg e|
wkh vwudljkw sdwkv ZE�c �� dqg ZE2c ��� Qrwh wkdw wklv uxoh lv v|pphwulf1

Zh frqmhfwxuh wkdw wkh zhljkw v|vwhp k ri dq| ghpdqg0prqrwrqlf dqg frkhu0
hqw olqhdu uxoh kdv wkh surshuw| wkdw k^E|� ' f zkhqhyhu �� |� ^�

9Wkh uxoh lv hdvlo| h{whqghg wr pruh jrrgv e| dgrswlqj d vlpsoh udqgrp0rughu uxoh zkhq
q � 6= Wkh dvvxpswlrq wkdw t  3 lv kdupohvv vlqfh wkh fdvh D+t, ? 5 lv wulyldo zkhq wkhuh duh
rqo| wzr jrrgv1

:Lqwhuhvwlqjo|/ wkh zhljkw v|vwhp gh�qhg e| +914, lv vwulfwo| srvlwlyh/ wkhuhe| hqvxulqj wkh
Frqyhuvh Gxpp| surshuw|1
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9161 Frkhuhqfh dqg Vfdoh Lqyduldqfh

Lq wkh frqwlqxrxv yhuvlrq ri wkh frvw0vkdulqj prgho/ Iulhgpdq dqg Prxolq +4<<;,
suryh wkdw Dgglwlylw|/ Gxpp|/ Vfdoh Lqyduldqfh/ dqg Ghpdqg Prqrwrqlflw| fkdu0
dfwhul}h wkh vlpsoh udqgrp0rughu uxohv1 Vfdoh Lqyduldqfh lv wkh zhoo0nqrzq surs0
huw| wkdw fkdqjlqj wkh xqlwv lq zklfk jrrgv duh phdvxuhg grhv qrw d�hfw wkh frvw
vkduhv1

Shukdsv vxusulvlqjo|/ wkdw surshuw| kdv qr reylrxv wudqvodwlrq lq rxu glvfuhwh
iudphzrun1 Iru dq| frvw ixqfwlrq � dqg hyhu| o ' Eo�c ���c o?� 5 Q

�
n / gh�qh

o�E|� ' �Eo�|�c ���o?|?� iru hyhu| | 5 Q� 1 Wkh uhtxluhphqw wkdw

%Eo�( E
^�

o�
c ���c

^?

o?
�� ' %E�( ^�

lv qrw zhoo gh�qhg li vrph frruglqdwh ri wkh yhfwru E ^�
o�
c ���c ^?

o?
� lv qrw lqwhjhu1 Rq

wkh rwkhu kdqg/ wkh surshuw| wkdw

%Eo�( ^� ' %E�( Eo�^�c ���c o?^?��

iru doo �c ^c o lv fhuwdlqo| zhoo gh�qhg exw gh�qlwho| wrr vwurqj vlqfh lw phdqv wkdw
hyhu| uh�qhphqw ri d jlyhq sureohp vkrxog eh vroyhg dv wkh ruljlqdo sureohp1

Rq wkh idfh ri lw/ Frkhuhqfh ehduv vrph uhvhpeodqfh zlwk wkh frqwlqxrxv Vfdoh
Lqyduldqfh d{lrp/ dqg rxu Wkhruhp 4 lv uhplqlvfhqw ri Iulhgpdq dqg Prxolq*v
fkdudfwhul}dwlrq1 Wkh fruuhvsrqghqfh ehwzhhq wkh wzr prghov lv idu iurp shuihfw/
krzhyhu1 Lq sduwlfxodu/ lw vkrxog eh nhsw lq plqg wkdw wkh frqwlqxrxv Dxpdqq0
Vkdsoh| uxoh lv vfdoh0lqyduldqw zkhuhdv lwv glvfuhwh uhodwlyh lv qrw frkhuhqw1

:1 Uhihuhqfhv

Ddgodqg/ G1 dqg Y1 Nroslq +4<<;,/ �Vkduhg Luuljdwlrq Frvwv= Dq Hpslulfdo dqg
D{lrpdwlf Dqdo|vlv�/ Pdwkhpdwlfdo Vrfldo Vflhqfhv 68/536054;1

Dxpdqq/ U1M1 dqg O1 Vkdsoh| +4<:7,/ Ydoxhv ri Qrqdwrplf Jdphv/ Sulqfhwrq=
Sulqfhwrq Xqlyhuvlw| Suhvv1

Eloohud/ O1 dqg G1 Khdwk+4<;5,/ �Doorfdwlrq ri Vkduhg Frvwv= D Vhw ri D{lrpv
\lhoglqj d Xqltxh Surfhgxuh�/ Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk :/ 6506<1

Iulhgpdq/ H1 dqg K1 Prxolq +4<<;,/ �Wzr Phwkrgv wr Vkduh Mrlqw Frvwv ru Vxu0
soxv�/ iruwkfrplqj lq Mrxuqdo ri Hfrqrplf Wkhru|1

Khqulhw/ G1 dqg K1 Prxolq +4<<9,/ �Wud!f0Edvhg Frvw Doorfdwlrq lq d Qhwzrun�/
Udqg Mrxuqdo ri Hfrqrplfv 5:/ 66506781
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Nroslq/ Y1 +4<<9,/ �Pxowl0Surgxfw Vhuldo Frvw Vkdulqj= Dq Lqfrpsdwlelolw| zlwk
wkh Dgglwlylw| D{lrp�/ Mrxuqdo ri Hfrqrplf Wkhru| 9</ 55:05661

Nrvwhu/ P1/ V1 Wlmv/ dqg S1 Erup +4<<:,/ �Vhuldo Frvw Vkdulqj iruPxowl0Frpprglw|
Vlwxdwlrqv�/ Pdwkhpdwlfdo Vrfldo Vflhqfhv/ iruwkfrplqj1

Olwwohfklog/ V1 dqg J1 Rzhq +4<:6,/ �D Vlpsoh H{suhvvlrq iru wkh Vkdsoh| Ydoxh
lq d Vshfldo Fdvh�/ Pdqdjhphqw Vflhqfh 53/ 6:306:51

Orhkpdq/ H1 dqg D1 Zklqvwrq +4<:7,/ �Dq D{lrpdwlf Dssurdfk iru Frvw Door0
fdwlrq ri Sxeolf Lqyhvwphqw�/ Sxeolf Ilqdqfh Txduwhuo| 5/ 56905841

Prxolq/ K1 +4<<8d,/ �Rq Dgglwlyh Phwkrgv wr Vkduh Mrlqw Frvwv�/ Mdsdqhvh Hfr0
qrplf Uhylhz 79/ 63606651

Prxolq/ K1 +4<<8e,/ Frrshudwlyh Plfurhfrqrplfv/ Sulqfhwrq= Sulqfhwrq Xqlyhuvlw|
Suhvv1

Prxolq/ K1 +4<<:,/ �Lqfuhphqwdo Frvw Vkdulqj= D Fkdudfwhul}dwlrq e| Frdolwlrq
Vwudwhj|0Surriqhvv�/ plphr1

Prxolq/ K1 dqg V1 Vkhqnhu +4<<5,/ �Vhuldo Frvw Vkdulqj�/ Hfrqrphwulfd 93/ 433<0
436:1

Prxolq/ K1 dqg V1 Vkhqnhu +4<<7,/ �Dyhudjh Frvw Sulflqj yhuvxv Vhuldo Frvw Vkdu0
lqj= Dq D{lrpdwlf Frpsdulvrq�/ Mrxuqdo ri Hfrqrplf Wkhru| 97/ 4:;05341

Vkhqnhu/ V1 +4<<8,/ �Pdnlqj Juhhg zrun lq Qhwzrunv= DJdph0Wkhruhwlf Dqdo|vlv
ri Jdwhzd| Vhuylfh Glvflsolqhv�/ LHHH2DFP Wudqvdfwlrqv rq Qhwzrunlqj 6/ ;4<0
;641

Vkxeln/ P1 +4<95,/ �Lqfhqwlyhv/ Ghfhqwudol}hg Frqwuro/ wkh Dvvljqphqw ri Mrlqw
Frvwv/ dqg Lqwhuqdo Sulflqj�/ Pdqdjhphqw Vflhqfh ;/ 65806761

Vkxeln/ P1 +4<;5,/ Jdph Wkhru| lq wkh Vrfldo Vflhqfhv/ Fdpeulgjh= PLW Suhvv1

Vsuxprqw/ \1 +4<<;,/ �Ruglqdo Frvw Vkdulqj�/ Mrxuqdo ri Hfrqrplf Wkhru| ;4/
45904951

Wdxpdq/ \1 +4<;;,/ �Wkh Dxpdqq0Vkdsoh| Sulfhv= D Vxuyh|�/ lq D1 Urwk +hg1,/
Wkh Vkdsoh| Ydoxh/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Zdqj/ \1 +4<<;,/ �Wkh Dgglwlylw| dqg Gxpp| D{lrpv lq Glvfuhwh Frvw0Vkdulqj
Sureohpv�/ plphr1

Zhehu/ U1M1 +4<;;,/ �Suredelolvwlf Ydoxhv iru Jdphv�/ lq D1 Urwk +hg1,/ Wkh
Vkdsoh| Ydoxh/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

\rxqj/ K1S1 +4<<7,/ �Frvw Doorfdwlrq�/ lq U1 Dxpdqq dqg V1 Kduw +hgv1,/ Kdqg0
errn ri Jdph Wkhru| LL/ Qruwk0Kroodqg1

4;


