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RÉSUMÉ

Des recherches récentes démontrent qu'une corrélation faible entre les instruments
et les variables explicatives peut mener à de sérieux problèmes d'inférence dans les
régressions avec variables instrumentales. Nous étendons l'analyse locale à zéro des
modèles avec instruments faibles aux modèles avec des instruments et régresseurs
estimés et avec de la dépendance dans les moments supérieurs. Ainsi, cet environnement
devient applicable aux modèles linéaires avec des variables anticipatoires qui sont
estimées de façon non paramétrique. Deux exemples de tels modèles sont la relation
entre le risque et les rendements en finance et l'impact de l'incertitude de l'inflation sur
l'activité économique réelle. Nos résultats démontrent que l'inférence basée sur les tests
du multiple de Lagrange (LM) est plus robuste à la présence d'instruments faibles que
l'inférence basée sur les tests de Wald. En utilisant des intervalles de confiance construits
selon les tests de LM, nous concluons qu'il n'y a pas de prime de risque significative dans
les rendements de l'indice S&P 500, les rendements excédentaires entre les Bons du
Trésor de 6 mois et de 3 mois et les rendements du taux de change spot entre le yen
japonais et le dollar américain.

Mots clés : variables instrumentales, instruments faibles, analyse locale à zéro, tests du
multiple de Lagrange, tests de Wald, prime de risque, anticipations, modèles
semi-paramétriques, noyaux, réseaux de neurones

ABSTRACT

Recent work shows that a low correlation between the instruments and the included
variables leads to serious inference problems. We extend the local-to-zero analysis of
models with weak instruments to models with estimated instruments and regressors and
with higher-order dependence between instruments and disturbances. This makes this
framework applicable to linear models with expectation variables that are estimated non-
parametrically. Two examples of such models are the risk-return trade-off in finance and
the impact of inflation uncertainty on real economic activity. Results show that inference
based on Lagrange Multiplier (LM) tests is more robust to weak instruments than Wald-
based inference. Using LM confidence intervals leads us to conclude that no statistically
significant risk premium is present in returns on the S&P 500 index, excess holding yields
between 6-month and 3-month Treasury bills, or in yen-dollar spot returns.

Key words : instrumental variables, weak instruments, local-to-zero analysis, LM tests,
Wald tests, risk premium, expectations, semi-parametric models, kernels,
neural networks



41 Lqwurgxfwlrq

Uhfhqwo|/ wkh sureohp ri zhdn fruuhodwlrq ehwzhhq lqvwuxphqwv dqg uhjuhvvruv lq lqvwuxphqwdo ydul0

deoh uhjuhvvlrq kdv ehfrph d irfdo srlqw ri pxfk uhvhdufk1 Vwdljhu dqg Vwrfn +4<<:, ghyhorshg dq

dv|pswrwlf wkhru| iru wklv w|sh ri sureohp xvlqj d orfdo0wr0}hur iudphzrun1 Wkh| vkrz wkdw vwdqgdug

dv|pswrwlfv iru LY hvwlpdwruv fdq eh kljko| plvohdglqj zkhq wklv fruuhodwlrq lv orz1 Iroorzlqj wkh

phwkrgrorj| ri Vwdljhu dqg Vwrfn/ ]lyrw/ Vwduw}/ dqg Qhovrq +iruwkfrplqj, dqg Zdqj dqg ]lyrw

+4<<;, vkrz wkdw xvxdo whvwlqj surfhgxuhv duh xquholdeoh lq vxfk vlwxdwlrqv1 Hduolhu dqdo|vhv ri prg0

hov xqghu sduwldo lghqwl�fdwlrq frqglwlrqv zdv jlyhq lq Skloolsv +4<;<, dqg Fkrl dqg Skloolsv +4<<5,/

dqg Gxirxu+4<<:,1

Wklv sdshu h{whqgv wkh zhdn lqvwuxphqw olwhudwxuh xvlqj wkh Vwdljhu dqg Vwrfn iudphzrun lq wzr

zd|v= �uvw/ zh zloo dqdo|}h d uhvwulfwhg fodvv ri vhpl0sdudphwulf prghov lq zklfk erwk uhjuhvvruv

dqg lqvwuxphqwv duh hvwlpdwhg/ dqg vhfrqg zh zloo doorz iru kljkhu0rughu ghshqghqfh ehwzhhq wkh

lqvwuxphqwv dqg wkh glvwxuedqfhv1 Wkhvh h{whqvlrqv duh phdqw wr pdnh wkh dqdo|vlv dssolfdeoh wr wkh

pdq| wkhruhwlfdo prghov lq �qdqfh dqg pdfurhfrqrplfv wkdw vxjjhvw d olqhdu uhodwlrqvkls ehwzhhq

d udqgrp yduldeoh dqg dq h{shfwdwlrq whup ri wkh jhqhudo irup/

+| ' q �%| n B�~| n e| +414,

zkhuh +| lv d vfdodu/ %| lv d yhfwru ri h{rjhqrxv dqg suhghwhuplqhg yduldeohv/ dqg ~| lv d yhfwru

ri xqrevhuydeoh h{shfwdwlrq yduldeohv1 Ri sduwlfxodu lqwhuhvw lv wkh fdvh zkhuh ~| lv d frqglwlrqdo

yduldqfh whup/ dqg lq wklv iudphzrun/ lqwhuhvw fhqwhuv rq wkh sdudphwhu B dv lw phdvxuhv wkh uhvsrqvh

ri +| wr lqfuhdvhg ulvn1

Rqh h{dpsoh ri wklv w|sh ri sureohp lqfoxghv wkh ulvn0uhwxuq wudgh0r� lq �qdqfh zkhuh djhqwv

kdyh wr eh frpshqvdwhg zlwk kljkhu h{shfwhg uhwxuqv iru kroglqj ulvnlhu dvvhwv1 D prgho olnh E����

zloo krog dv dq dssur{lpdwlrq lq wklv fdvh li +| lv wkh uhwxuq rq dq djjuhjdwh sruwirolr1 Wklv wudgh0

r� kdv ehhq h{dplqhg e| vhyhudo dxwkruv/ lqfoxglqj Iuhqfk/ Vfkzhuw/ dqg Vwdpedxjk +4<;:, dqg

Jorvwhq/ Mdjdqqdwkdq/ dqg Uxqnoh +4<<6,1 Lq wklv fdvh/ ~| lv wkh frqglwlrqdo yduldqfh ri wkh dvvhw/

dqg %| zrxog jhqhudoo| lqfoxgh yduldeohv phdvxulqj wkh ixqgdphqwdo ydoxh ri wkh dvvhw1 Iru h{dpsoh/

li wkh dvvhw lv dq h{fkdqjh udwh/ srwhqwldo ixqgdphqwdo yduldeohv lqfoxgh wkh lqwhuhvw udwh gl�huhqwldov/
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uhodwlyh prqh| vwrfnv/ uhodwlyh rxwsxwv/ dqg uhodwlyh lq dwlrq udwhv1 D vhfrqg h{dpsoh ri wklv prgho

lv lq dqdo|}lqj wkh h�hfw ri lq dwlrq xqfhuwdlqw| rq uhdo hfrqrplf dfwlylw|1 Khuh/ ~| lv wkh yduldqfh

ri wkh lq dwlrq udwh frqglwlrqdo rq sdvw lqirupdwlrq/ dqg +| lv vrph uhdo djjuhjdwh yduldeoh vxfk dv

uhdo JGS ru lqgxvwuldo surgxfwlrq1

Wkh hvwlpdwlrq ri wkhvh prghov kdv suryhq gl!fxow ehfdxvh d sur{| kdv wr eh frqvwuxfwhg iru wkh

xqrevhuydeoh h{shfwdwlrq whup1 D frpsohwh sdudphwulf dssurdfk zrxog dvvxph ixqfwlrqdo irupv iru

wkh h{shfwdwlrq surfhvvhv ri djhqwv zklfk fdq wkhq eh hvwlpdwhg dorqj zlwk E���� e|/ iru h{dpsoh/

pd{lpxp olnholkrrg1 D vhpl0sdudphwulf dssurdfk/ zklfk lv ri lqwhuhvw lq wklv sdshu/ ohdyhv wkh

ixqfwlrqdo irup ri wkh h{shfwdwlrq whupv xqvshfl�hg exw xvhv wkh olqhdu vwuxfwxuh lq E���� wr hvwlpdwh

wkh sdudphwhuv ri lqwhuhvw rqfh hvwlpdwhv ri wkh h{shfwdwlrq whupv duh rewdlqhg1

Zkhq ~| lv d yduldqfh whup/ Hqjoh/ Ololhq/ dqg Urelqv +4<;:, kdyh lqwurgxfhg wkh sdudphwulf

DxwrUhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw|0lq0Phdq +DUFK0P, prgho zklfk srvwxodwhv wkdw

~| ' j2

|
c wkh yduldqfh ri wkh uhwxuqv/ iroorzv dq DUFK+s, prgho1 D srsxodu jhqhudol}dwlrq lv wkh

Jhqhudol}hg DUFK0P +JDUFK0P, prgho zlwk j2

|
ri wkh irup=

j2

|
' kf n k�e

2

|3�
n � � �n kRe

2

|3R n �
�
j2

|3�
n � � �n �^j

2

|3^ +415,

zlwk E���� dqg E��2� hvwlpdwhg mrlqwo| e| pd{lpxp olnholkrrg1 Wzr sureohpv vxuidfh zkhq xvlqj

vxfk prghov1 Iluvw/ pd{lpl}dwlrq ri wkh olnholkrrg ixqfwlrq fdq eh yhu| gl!fxow xqohvv R dqg ^ duh

nhsw vpdoo1 Vhfrqg/ hvwlpdwhv lq wkh phdq htxdwlrq zloo eh lqfrqvlvwhqw li wkh yduldqfh htxdwlrq lv

plvvshfl�hg ehfdxvh wkh lqirupdwlrq pdwul{ lv qrw eorfn gldjrqdo1 Jlyhq wkh odfn ri uhvwulfwlrqv rq

wkh ehkdylru ri wkh frqglwlrqdo yduldqfh surylghg e| hfrqrplf wkhru|/ wklv vhhpv txlwh sureohpdwlf1

Dq dowhuqdwlyh dssurdfk wkdw lv urexvw wr vshfl�fdwlrq zdv vxjjhvwhg e| Sdjdq dqg Xoodk +4<;;,

dqg Sdjdq dqg Krqj +4<<4,1 Wkhlu vxjjhvwlrq lv wr �uvw uhsodfh ~| e| lwv uhdol}hg ydoxhv/ vd| t|/

hvwlpdwlqj wklv txdqwlw| qrq0sdudphwulfdoo|/ dqg xvlqj d qrq0sdudphwulf hvwlpdwh ri ~| dv dq lqvwux0

phqw1 Wklv dssurdfk lv lwvhoi sureohpdwlf vlqfh lw grhv qrw vroyh wkh qhfhvvlw| wr nhhs wkh qxpehu

ri frqglwlrqlqj yduldeohv orz1 Pruhryhu/ d frpprq sureohp zkhq xvlqj vxfk d vhpl0sdudphwulf ds0

surdfk lv wkdw wkh hvwlpdwhg frqglwlrqdo yduldqfh lv srruo| fruuhodwhg zlwk et|c wkh hvwlpdwhg uhdol}hg

ydoxhv1 Wklv sdshu zloo irfxv rq dgguhvvlqj wklv vhfrqg sureohp1 Wkh �uvw sureohp lv dgguhvvhg

e| xvlqj qrq0sdudphwulf hvwlpdwruv wkdw duh ohvv vxvfhswleoh wr wkh vr0fdoohg fxuvh ri glphqvlrqdolw|/
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vxfk dv qhxudo qhwzrunv dqg d vhpl0sdudphwulf hvwlpdwru vxjjhvwhg e| Hqjoh dqg Qj +4<<6,1

Wkh uhvw ri wkh sdshu lv glylghg dv iroorzv= vhfwlrq 5 suhvhqwv wkh lqvwuxphqwdo yduldeoh surfhgxuh

ghvfulehg deryh lq ghwdlo xqghu wkh vwdqgdug dvvxpswlrqv1 Lq vhfwlrq 6/ zh suhvhqw hylghqfh rq wkh

suhvhqfh ri zhdn lqvwuxphqwv lq wkh ulvn0uhwxuq wudgh0r�1 Qh{w/ lq vhfwlrq 7/ zh ghyhors dv|pswrwlf

wkhru| iru wkh lqvwuxphqwdo yduldeoh hvwlpdwru ghvfulehg deryh xqghu wkh zhdn lqvwuxphqw dvvxps0

wlrq1 Lq vhfwlrq 8/ uhvxowv iurp d olplwhg vlpxodwlrq h{shulphqw duh suhvhqwhg wr rxwolqh wkh gl!fxowlhv

lqyroyhg lq fduu|lqj rxw dqdo|vlv lq wklv w|sh ri prghov1 Vhfwlrq 9 frqwdlqv wkh uhvxowv iurp dsso|lqj

wkh whfkqltxhv ghyhorshg lq suhylrxv vhfwlrqv wr wkuhh �qdqfldo gdwd vhwv/ uhwxuqv rq wkh Vwdqgdug

dqg Srru*v 833 lqgh{/ h{fhvv kroglqj |lhogv rq Wuhdvxu| eloov dqg |hq0groodu vsrw uhwxuqv1 Ilqdoo|/

vhfwlrq : surylghv vrph frqfoxglqj frpphqwv1

51 Vhpl0sdudphwulf prghov zlwk frqglwlrqdo h{shfwdwlrqv

Dv glvfxvvhg deryh/ zh frqvlghu olqhdu prghov vxfk dv/

+| ' q �%| n B�~| n e| +514,

zkhuh +| lv d vfdodu/ %| lv d &��� yhfwru ri h{rjhqrxv dqg suhghwhuplqhg yduldeohv/ dqg ~| lv d &2��

yhfwru ri xqrevhuydeoh h{shfwdwlrq yduldeohv1 Rqh h{dpsoh ri sduwlfxodu lqwhuhvw lv zkhuh ~| lv d

yduldqfh whup ri wkh irup . dt|mI|o/ zlwk t| ' E�| � . d�|mI|o� E�| � . d�|mI|o�
� dqg zkhuh I| lv wkh

lqirupdwlrq vhw dydlodeoh wr djhqwv lq wkh hfrqrp| dw wkh ehjlqqlqj ri shulrg |1 Lq wklv iudphzrun/

lqwhuhvw fhqwhuv rq wkh sdudphwhu B dv lw phdvxuhv wkh uhvsrqvh ri +| wr lqfuhdvhg ulvn1 Vxfk prghov

zhuh �uvw lqyhvwljdwhg dorqj wkh olqhv iroorzhg khuh e| Sdjdq dqg Xoodk +4<;;,1

Wkh �uvw vwhs lq wdfnolqj wklv sureohp lv wr uhsodfh wkh frqglwlrqdo h{shfwdwlrq ~| e| wkh uhdol}hg

ydoxh t|� Lq wkh iroorzlqj/ zh dvvxph wkdw t| lv qrw revhuydeoh dv lv wkh fdvh lq wkh yduldqfh h{dpsoh

vlqfh t| lv lwvhoi d ixqfwlrq ri dq h{shfwdwlrq1 Wkxv/ dq h{wud vwhs lv uhtxluhg lq uhsodflqj t| e| dq

hvwlpdwh/ et|1 Wkh prgho wr eh hvwlpdwhg lv wkhq=

+| ' q �%| n B�et| n e| n B�
�
t| � et|

�
n B� E~| � t|�

' q �%| n B�et| n �|
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Lq jhqhudo/ dq ruglqdu| ohdvw vtxduhv uhjuhvvlrq ri +| rq %| dqg et| zloo ohdg wr lqfrqvlvwhqw hvwlpdwhv ri

q dqg B gxh wr wkh fruuhodwlrq ehwzhhq et| dqg E~| � t|�1 Wkh vroxwlrq vxjjhvwhg e| Sdjdq +4<;7, dqg

e| Sdjdq dqg Xoodk +4<;;, lv wr xvh dq lqvwuxphqwdo yduldeoh hvwlpdwru zlwk e~| xvhg dv lqvwuxphqwv

iru et|� Lq idfw/ wr rewdlq frqvlvwhqw hvwlpdwhv/ dq| yduldeoh lq I| frxog eh xvhg dv lqvwuxphqw1 Zh

frxog frqvlghu �qglqj dq rswlpdo lqvwuxphqw dv .
ket|mI|

l
zklfk lq jhqhudo zloo eh gl�huhqw iurp e~|

ehfdxvh ri wkh eldv dulvlqj iurp wkh hvwlpdwlrq ri t|� Wkh vwhsv xvhg wr frqvwuxfw wkh hvwlpdwru duh

looxvwudwhg lq �jxuh 41

Wklv sureohp zloo eh vhpl0sdudphwulf zkhq t| dqg ~| duh hvwlpdwhg qrq0sdudphwulfdoo|1 Dv lq

pdq| vhpl0sdudphwulf prghov/ ghvslwh wkh orzhu udwh ri frqyhujhqfh ri wkh qrq0sdudphwulf hvwlpdwruv/

wkh hvwlpdwhv ri q dqg B zloo frqyhujh dw wkh xvxdo
s
? udwh xqghu fhuwdlq frqglwlrqv1

Gh�qh ~ | ' E%|c~|�/ t | ' E%|c t|� c ~ '
�
~�c � � � c ~?

�
�

c t '
�
t �c � � � c t ?

�
�

zlwk h~ dqg ht vlploduo|

gh�qhg exw zlwk e~| dqg et| uhsodflqj ~| dqg t|� Ixuwkhu ohw �| ' e| n B� E~| � t|� dqg w ' Eqc B��1

Frqvlghu wkh LY hvwlpdwru iru wklv prgho=

ew '
� h~ �ht �3� h~ �+

D gluhfw dgdswdwlrq ri wkh surri ri Dqguhzv +4<<7, jlyhv wkh glvwulexwlrq ri wklv hvwlpdwru lq wkh

xvxdo dvvxpswlrqv iru wkh lqvwuxphqwv1

Ohppd 5141 E�?_oe�r E�bbe�� Vxssrvh wkh iroorzlqj=

41 �I
?

S
.|

�et| � t|

�
R$ f

51 e~|

R$ ~|c ~| 	4 ;|

61 wf lv wkh lqwhulru ri X � -&n�

71 �I
?

S
~ |�|

_$ � Efc 7� zkhuh 7 ' *�4
?<"

�

?

S?

r'�

S?

|'�
.�|�r~r~

�

|1

81 � ' *�4
?<"

�

?

S?

|'�
.|~ |t

�

| lv qrq0vlqjxodu

Wkhq/
s
?
�ew � w

�
_$ �

�
fc�3�7 E�3��

��
1
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Wkh frqglwlrq ri prvw lqwhuhvw khuh lv wkdw zh qhhg et wr eh ?
�

2 0frqvlvwhqw iru wkh dv|pswrwlf

glvwulexwlrq ri wkh LY hvwlpdwru ri ew qrw wr eh d�hfwhg e| uhsodflqj t| dqg ~| e| et| dqg e~|� Wklv

zloo jhqhudoo| qrw eh wkh fdvh zkhq et lv hvwlpdwhg qrq0sdudphwulfdoo|1 Krzhyhu/ lw zloo krog lq wkh

vshfldo fdvh zkhuh ~| lv d yduldqfh whup1 Ohw ��| ' . d�
|
mI|o dqg e� �| eh dq hvwlpdwh ri wklv txdqwlw|1

Wkhq/

.|

�
�s
?

[�et � t
��

'
�s
?

[
.|

�
d�

|
� e� �|o2 � d�

|
� � �|o

2
�

'
�s
?

[
Ee� �| � ��|�

2

zklfk zloo eh JR E�� li e��| lv frqvlvwhqw iru � �| dw udwh ?
�

e � Frqglwlrqv xqghu zklfk wklv krogv fdq

eh irxqg lq Dqguhzv +4<<8,1 Wkh glvwulexwlrq lv vwloo d�hfwhg e| uhsodflqj ~| e| t|/ krzhyhu/ dv

�| ' e| n B� E~| � t|�1

Wklv hvwlpdwru kdv ehhq dssolhg lq Sdjdq dqg Xoodk +4<;;,/ Sdjdq dqg Krqj +4<<4,/ Erwwd}}l dqg

Fruudgl +4<<4,/ dqg Vhqwdqd dqg Zdgkzdql +4<<4,1 H{fhsw iru Sdjdq dqg Xoodk/ doo wkhvh sdshuv

dqdo|}h wkh wudgh0r� ehwzhhq �qdqfldo uhwxuqv dqg ulvn dv srvwxodwhg e| phdq0yduldqfh dqdo|vlv1

Sdjdq dqg Xoodk orrn dw wkh iruzdug suhplxp lq wkh iruhljq h{fkdqjh pdunhw dqg wkh uhdo h�hfwv ri

lq dwlrq xqfhuwdlqw|1

61 Hylghqfh ri zhdn lqvwuxphqwv

Zkhq xvlqj wkh deryh lqvwuxphqwdo yduldeoh hvwlpdwru/ wkh txdolw| ri wkh lqvwuxphqw e~| zloo ghwhuplqh

wkh txdolw| ri wkh dv|pswrwlf dssur{lpdwlrq ghvfulehg lq ohppd 5141 Wkhuh lv d odujh dprxqw ri

zrun lq wkh vlpxowdqhrxv htxdwlrq olwhudwxuh ghyrwhg wr wkh lpsruwdqfh ri vwurqj lqvwuxphqwv iru wkh

�qlwh0vdpsoh glvwulexwlrq wr eh zhoo dssur{lpdwhg e| d qrupdo glvwulexwlrq +rqh h{dpsoh lv Qhovrq

dqg Vwduw} +4<<3,,1 Hvvhqwldoo|/ wkh qrq0vlqjxodulw| frqglwlrq +Dvvxpswlrq 8, lq wkh suhylrxv ohppd

lv forvh wr ehlqj ylrodwhg1

Xqiruwxqdwho|/ lq rxu fdvh ri lqwhuhvw lq zklfk t| ' e2| dqg ~| ' j2| / lw zloo jhqhudoo| eh wkh fdvh

wkdw wkh fruuhodwlrq ehwzhhq wkh wzr hvwlpdwhv/ ee2| dqg ej2

| / lv yhu| orz1 Wdeohv 4/ 5/ dqg 6 vkrz wkh

ydoxh ri -2 iru wkh uhjuhvvlrq ri ee2| rq d frqvwdqw dqg ej2| iru wkuhh �qdqfldo gdwd vhwv xvlqj wkuhh

:



qrq0sdudphwulf hvwlpdwruv zlwk gl�huhqw frqglwlrqlqj yduldeohv dqg vprrwklqj sdudphwhuv1 Wkh

hvwlpdwhv duh frqvwuxfwhg lq wkuhh zd|v1 Iluvw/ zh xvh d pxowlyduldwh nhuqho hvwlpdwh gh�qhg dv=

e� �| '

S
��'| +

�

�g
�
��3�|

K

�
S

��'|
g
�
��3�|

K

�

dv wkh hvwlpdwh ri wkh phdq ri +
�

| iru � ' �c 2 zlwk wkh nhuqho ixqfwlrq g E�� wdnhq wr eh wkh

pxowlyduldwh vwdqgdug qrupdo dqg wkh edqgzlgwk K ' Ser? 3�

Rne zkhuh er lv wkh vdpsoh vwdqgdug ghyldwlrq

ri +|/ ? lv wkh vdpsoh vl}h/ R lv wkh qxpehu ri yduldeohv lq wkh frqglwlrqlqj vhw dqg S lv d frqvwdqw

wdnlqj wkuhh gl�huhqw ydoxhv/ 318/ 4/ ru 51 Wkh frqglwlrqlqj yduldeohv/ �c duh wdnhq wr eh odjjhg ydoxhv

ri wkh uhwxuqv1 Zh wkhq gh�qh ee2| ' E+| � e� �|�2 dqg rewdlq dq hvwlpdwh ri j2| dv=

ej2| ' e� 2| � Ee� �|�2 �
D wkhruhwlfdo dqdo|vlv ri wklv qrq0sdudphwulf hvwlpdwru ri wkh frqglwlrqdo yduldqfh fdq eh irxqg

lq Pdvu| dqg Wmrvwkhlp +4<<8,1

Wkh vhfrqg hvwlpdwlrq phwkrg xvhg lv qhxudo qhwzrunv1 D jrrg lqwurgxfwlrq wr wkhvh phwkrgv lv

Nxdq dqg Zklwh +4<<7,1 Wkh dgydqwdjh ri wklv dssurdfk ryhu wkh nhuqho lv wkdw lw lv qrw vxemhfw wr

wkh fxuvh ri glphqvlrqdolw|1 Wkh yhuvlrq zh zloo dgrsw kdv rqh klgghq od|hu zlwk orjlvwlf dqg lghqwlw|

dfwlydwlrq ixqfwlrqv1 wkh qxpehu ri qrghv zloo eh doorzhg wr htxdo 5/ 7 dqg ;1 Wkh uhsuhvhqwdwlrq lv=

e� � '
g[
&'�

ew& �

� n e3�
�eq�

iru � ' �c 2�

Wkh wklug hvwlpdwru zdv �uvw sursrvhg e| Hqjoh dqg Qj +4<<6,1 Lw surylghv pruh vwuxfwxuh wr

wkh frqglwlrqdo yduldqfh dqg zloo dssur{lpdwh wkh frqglwlrqdo yduldqfh ixqfwlrq pxfk ehwwhu wkdq

wkh nhuqho zkhq wkh yduldqfh lv shuvlvwhqw +vhh Shuurq ^B` iru vlpxodwlrq hylghqfh,1 Wkh hvwlpdwru lv

lpsohphqwhg e| �uvw hvwlpdwlqj wkh phdq e| d nhuqho hvwlpdwh dv deryh dqg wkhq �wwlqj d ixqfwlrq

iru j2

| dv iroorzv=

j2

| ' / n s� Eee|3�� n � � �n sR Eee|3R� n qj2

|3�

zkhuh wkh s� E�� duh hvwlpdwhg dv vsolqhv zlwk nqrwv xvlqj d Jdxvvldq olnholkrrg ixqfwlrq1 Wklv

doorzv iru d  h{leoh h�hfw ri uhfhqw lqirupdwlrq rq wkh frqglwlrqdo yduldqfh zkloh doorzlqj iru shu0

vlvwhqfh1 Wklv iudphzrun lqfoxghv prvw sdudphwulf prghov vxjjhvwhg lq wkh olwhudwxuh vxfk dv wkh

;



hqwluh JDUFK fodvv1 Wkh qxpehu ri vhjphqwv lq wkh vsolqh ixqfwlrqv dfwv dv d vprrwklqj sdudphwhu

dqg lv doorzhg wr wdnh wkuhh ydoxhv/ 5/ 7/ dqg ;1 Wkh nqrwv lq wkh vsolqh zhuh vhohfwhg xvlqj wkh rughu

vwdwlvwlfv vxfk wkdw hdfk elq kdv urxjko| wkh vdph qxpehu ri revhuydwlrq vxemhfw wr wkh frqvwudlqw

ri dq htxdo qxpehu ri elqv lq wkh srvlwlyh dqg qhjdwlyh uhjlrqv1

Wkh �uvw gdwd vhw dqdo|}hg uhsuhvhqwv prqwko| h{fhvv uhwxuqv rq wkh Vwdqgdug dqg Srru*v 833

ehwzhhq Mdqxdu| 4<98 dqg Ghfhpehu 4<<: phdvxuhg dw wkh hqg ri hdfk prqwk1 Wkh gdwd lv wdnhq

iurp FUVS/ dqg wkh ulvn0iuhh udwh lv wkh uhwxuq rq wkuhh0prqwk Wuhdvxu| eloov1 Wkh vhfrqg gdwd vhw

lv pdgh ri txduwhuo| h{fhvv kroglqj |lhogv rq 90prqwk yhuvxv 60prqwk Wuhdvxu| eloov ehwzhhq 4<8<=4

dqg 4<<;=41 D vlplodu/ exw vkruwhu/ gdwd vhw kdv douhdg| ehhq dqdo|}hg e| Hqjoh/ Ololhq/ dqg Urelqv

+4<;:, xvlqj wkhlu JDUFK0Pphwkrgrorj| dqg Sdjdq dqg Krqj +4<<4, xvlqj wkh deryh lqvwuxphqwdo

yduldeoh hvwlpdwru1 Ilqdoo|/ wkh odvw gdwd vhulhv lv pdgh ri prqwko| uhwxuqv rq wkh |hq0groodu vsrw

udwh rewdlqhg iurp Lqwhuqdwlrqdo Ilqdqfldo Vwdwlvwlfv ehwzhhq Vhswhpehu 4<:; dqg Mxqh 4<<;1 Wkh

wkuhh gdwd vhwv duh sorwwhg lq �jxuhv 5071

D txlfn orrn dw wkh wdeohv uhyhdov wkdw ri wkhvh wkuhh vhulhv/ rqo| wkh h{fhvv kroglqj |lhog jhqhudoo|

kdv -2 kljkhu wkdq 3141 Wkh uhdvrq iru wklv orz fruuhodwlrq lv wkdw e2
|
dqg j2

|
kdyh yhu| gl�huhqw

yrodwlolw|1 Hyhq li . de2
|
mI|o ' j2

|
/ �qdqfldo uhwxuqv duh h{wuhpho| yrodwloh dqg wkhuhiruh/ wkh gl�huhqfh

ehwzhhq e2
|
dqg j2

|
fdq eh txlwh odujh1 Wklv lv wuxh hyhq li zh glg qrw kdyh wr hvwlpdwh wkhvh wzr

txdqwlwlhv> kdylqj wr hvwlpdwh wkhp frpsolfdwhv pdwwhuv ixuwkhu1 Zh fdq looxvwudwh e| orrnlqj dw wkh

JDUFK+4/4, prgho=

+| ' > n j|0| ' > n e|

j2

|
' / n ke2

|3�
n qj2

|3�
�

Dqghuvhq dqg Eroohuvohy +4<<:, vkrz wkdw wkh srsxodwlrq -2 lq wkh uhjuhvvlrq

E+| � >�2 ' �
f
n �

�
ej2

|
n �|

zkhuh ej2
|
lv wkh rqh0shulrg dkhdg iruhfdvw rewdlqhg iurp wkh JDUFK prgho lv

-2 '
k2

� � q2 � 2kq

<



zklfk zloo lq jhqhudo eh yhu| vpdoo hyhq wkrxjk .
�
E+| � >�2 mI|

�
' j2

|
� Iljxuh 8 sorwv wkh ydoxh ri

-2 iru gl�huhqw ydoxhv ri k dqg q� Wkh ydoxh ri -2 lv kljko| vhqvlwlyh wr wkh ydoxh ri k� Lw lv xvxdo

lq wkh olwhudwxuh wr �qg srlqw hvwlpdwhv ri JDUFK+4/4, prghov lq wkh qhljkerukrrg ri k ' f�fD

dqg q ' f�b� Wkh �jxuh fohduo| vkrzv wkdw iru vxfk ydoxhv/ wkh fruuhodwlrq ehwzhhq e2
|
dqg j2

|
zloo

w|slfdoo| eh txlwh orz1 Wkh sureohp lq wklv fdvh lv wkdw j2

|
kdv yhu| orz yduldqfh uhodwlyh wr wkdw ri

+2
|
> d orz ydoxh ri k phdqv wkdw j2

|
lv qhduo| frqvwdqw orfdoo|1

Zh fdq h{shfw wkdw wdeohv 4 dqg 5 gr qrw hyhq surylgh dq dffxudwh slfwxuh ri wkh sureohp ri

zhdn lqvwuxphqwv1 Xvlqj gdwd vdpsohg dw kljkhu iuhtxhqf| +h1j1 gdlo|, zrxog uhvxow lq hyhq orzhu

fruuhodwlrq1 Wkh orzhu iuhtxhqf| doorzv vrph dyhudjlqj zklfk uhgxfhv wkh yduldqfh ri e2
|
1

71 Dv|pswrwlfv zlwk zhdn lqvwuxphqwv

Vwdljhu dqg Vwrfn +4<<:, kdyh uhfhqwo| vkrzq/ lq wkh iudphzrun ri d olqhdu vlpxowdqhrxv htxdwlrq

v|vwhp/ wkdw kdylqj lqvwuxphqwv wkdw duh zhdno| fruuhodwhg zlwk wkh h{sodqdwru| yduldeohv pdnhv wkh

xvxdo dv|pswrwlf wkhru| zrun srruo|1 Wkhlu dvvxphg prgho lv=

+ ' t B nfq n �

t ' ~�nfK n T

zkhuh t lv wkh pdwul{ ri lqfoxghg hqgrjhqrxv yduldeohv wkdw duh wr eh uhsodfhg e| lqvwuxphqwv1 Vlqfh

lq rxu fdvh/ lw zloo dozd|v eh wuxh wkdw wkh prgho lv h{dfwo| lghqwl�hg +wkdw lv/ wkhuh zloo eh dv pdq|

uhjuhvvruv dv lqvwuxphqwv vlqfh wkh lqvwuxphqwv duh hvwlpdwhv ri wkh h{shfwhg ydoxh ri wkh uhjuhvvruv,/

zh zloo frqfhqwudwh rq wkh fdvh zkhuh ~ lv d ? � &2 pdwul{11 Wkh zhdn lqvwuxphqw dvvxpswlrq lv

lpsrvhg e| dvvxplqj wkdw=

� '
Cs
?

+714,

iru vrph �{hg &2 � &2 pdwul{ C 9' f Wklv dvvxpswlrq lpsolhv wkdw lq wkh olplw/ t dqg ~ duh

xqfruuhodwhg1

Lw lv srvvleoh wr h{whqg wkh dqdo|vlv ri zhdn lqvwuxphqwv lq Vwdljhu dqg Vwrfn +4<<:, wr rxu fdvh

ri lqwhuhvw1 Ehfdxvh wkh fruuhodwlrq ehwzhhq hvwlpdwhg uhjuhvvruv e~| dqg hvwlpdwhg lqvwuxphqwv et| lv
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yhu| orz lq wkh gdwd/ lw pljkw eh sodxvleoh wr dvvxph=

t ' ~�nfK n T +715,

zlwk

� '
Cs
?

+716,

iru vrph C 9' f� Vlpsoh dojheud ohdgv wr=

et ' e~�n
�
~ � e~��n

�et � t
�
nfK n T

' e~�nfK n l

vr wkdw wkh fruuhodwlrq ehwzhhq et| dqg e~| lv dovr orz1 Wklv gl�huv iurp wkh Vwdljhu dqg Vwrfn

iudphzrun lq wkdw erwk yduldeohv zloo eh hvwlpdwhg/ dqg zh zloo dovr doorz iru kljkhu0rughu ghshqghqfh

ehwzhhq wkh lqvwuxphqwv dqg wkh glvwxuedqfhv1

Wkhuh pljkw eh wzr uhdvrqv iru d orz fruuhodwlrq ehwzhhq wkh hvwlpdwhg lqvwuxphqw dqg h{sodqd0

wru| yduldeoh1 Wkh �uvw pd| eh wkdw wkh hvwlpdwruv xvhg lq frqvwuxfwlqj e~| dqg et| duh srru dqg zloo

qrw dssurdfk wkhlu wuxh ydoxh lq vpdoo vdpsohv1 Rq wkh rwkhu kdqg/ wkh hvwlpdwruv pd| qrw eh srru

lq dq| vhqvh/ exw t| dqg lwv h{shfwhg ydoxh pd| eh zhdno| fruuhodwhg1 Zh vdz rqh vxfk h{dpsoh

deryh lq wkh JDUFK+4/4, prgho1

Zh fdq jlyh d gl�huhqw prwlydwlrq iru htxdwlrqv Ee�2� dqg Ee��� lq wkh fdvh zkhuh wkh lqvwuxphqw

lv d yduldqfh whup +~| ' j2
|
c t| ' e2

|
� li zh dvvxph wkdw wkh hvwlpdwhv ri j2

|
dqg e2

|
duh rewdlqhg e|

wkh nhuqho phwkrg1 Lq wklv fdvh/ d vlpsoh dssolfdwlrq ri wkh uhvxowv lq Pdvu| dqg Wmrvwkhlp +4<<8,

ohdgv wr wkh mrlqw glvwulexwlrq=

s
?KR

3
C ee2| � e2| ���

ej2| � j2| ��2

4
D _$ �

3
C
3
C f

f

4
D c

3
C l� f

f l2

4
D
4
D

zkhuh K lv wkh edqgzlgwk/ R wkh qxpehu ri frqglwlrqlqj yduldeohv/ dqg �� dqg �2 duh eldv whupv1 Zh

fdq wkhq dvvxph wkdw wkh fryduldqfh whup lv orfdo wr }hur/ vd| a*
s
?/ dqg xvh wkh irupxod iru wkh

frqglwlrqdo glvwulexwlrq ri t| wr rewdlq=

ee2| � e2| ���| ' l3�
2

as
?

�ej2

| � j2

| ��2|

�
n D|
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dqg vlqfh e2| ' j2

| n v| zlwk v| xqfruuhodwhg zlwk wkh sdvw/ zh fdq uhzulwh wklv dv=

ee2| ' l3�
2

as
?
ej2| � l3�

2

as
?
j2| ��2| n j2

| n v| n��| n D |

' l3�
2

as
?
ej2| n

�
U � l3�

2

as
?

�
j2| n�| n l |

zlwk �| ' ��| n�2| vr wkdw wkh frh!flhqw rq ej2| lv orfdo wr }hur1

Uhfdoo wkdw wkh LY hvwlpdwru ri B lv=

eB '
�e~ ��%

et �3� e~�f+

' B n
� e~ ��f

et �3� e~ ��f�

zkhuh �f ' U �f Ef �f�3�f �� Lq rughu wr ghulyh wkh glvwulexwlrq ri eq/ zh qhhg wr pdnh dq h{wud

dvvxpswlrq rq wkh uhgxfhg0irup frh!flhqwv ri f� Zh zloo dovr dvvxph wkdw wkh| duh orfdo wr }hur=

K'
Ms
?

+717,

iru vrph &�� &2 pdwul{ M 9' f� Wklv dvvxpswlrq lv pdgh ehfdxvh li K zhuh �{hg/ f dqg t zrxog eh

froolqhdu lq wkh olplw dqg wkh prphqw pdwulfhv zrxog eh vlqjxodu1

Wkh glvwulexwlrq ri wkh hvwlpdwruv lv jlyhq lq wkh iroorzlqj wkhruhp1 Doo surriv duh uhohjdwhg wr

wkh dsshqgl{1

Wkhruhp 7141 Dvvxph wkh vdph frqglwlrqv dv lq ohppd 2��c exw zlwk wkh �iwk frqglwlrq uhsodfhg

e| Ee�2� dqg Ee��� � Ixuwkhu/ vxssrvh wkh iroorzlqj krog=
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zkhuh ~z| lv wkh surmhfwlrq ri ~| rqwr f/ ��e� lw lv wkh wudqvsrvh ri wkh ||� urz ri ~z ' �f~�

Wkhq/
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Vhyhudo dvshfwv ri wklv uhvxow fdq eh srlqwhg rxw/ doo wkh rxwfrph ri wkh srru lghqwl�fdwlrq ri

B1 Iluvw/ wkh LY hvwlpdwru ri B grhv qrw frqyhujh wr wkh wuxh ydoxh ri wkh srsxodwlrq sdudphwhu B�

Udwkhu/ lw zloo frqyhujh wr d udqgrp yduldeoh lq wkh olplw/ dv lq Skloolsv +4<;<,1 Vhfrqg/ wkh olplw

glvwulexwlrq lv wkh udwlr ri fruuhodwhg qrupdo udqgrp yduldeohv1 Wklv vxjjhvwv wkdw wkh glvwulexwlrq

zloo/ lq vrph fdvhv/ kdyh Fdxfk|0olnh ehkdylru zlwk wklfn wdlov dqg srvvleo| elprgdolw|1 Pruhryhu/

wkh glvwulexwlrq ghshqgv rq qxlvdqfh sdudphwhuv bc dqg 4c pdnlqj lqihuhqfh gl!fxow1 Dv b $ 4c

s zloo dssurdfk wkh xvxdo qrupdo glvwulexwlrq1 Wkh glvwulexwlrq ri wkh frh!flhqwv rq wkh h{rjhqrxv

yduldeohv %| lv frqwdplqdwhg e| wkh srru lghqwl�fdwlrq ri B1 Vshfl�fdoo|/ wkh xvxdo vwdqgdug huuruv

zloo xqghuvwdwh wkh wuxh xqfhuwdlqw| dv wkhvh duh edvhg rq wkh �uvw whup ri wkh olplw glvwulexwlrq rqo|1

Wklv zloo ohdg wr ryhu0uhmhfwlrq ri wkh k|srwkhvlv Mf G q ' qf1

Wkh edvlf glvwulexwlrq wkhru| ghvfulehg deryh lv yhu| forvho| uhodwhg wr wkdw ghulyhg e| Vwdljhu dqg

Vwrfn1 Vrph dgmxvwphqwv kdyh wr eh pdgh/ krzhyhu/ ehfdxvh zh gr qrw dvvxph wkdw wkh lqvwuxphqwv/

~|c duh lqghshqghqw ri wkh huuru whupv �| dqg �|> zh rqo| dvvxph wkdw wkh| duh xqfruuhodwhg1 Wkh

dgmxvwphqwv doorz iru kljkhu rughu ghshqghqfh ehwzhhq ~| rq wkh rqh kdqg dqg �| dqg �| rq wkh
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rwkhu1 Lq fdvhv zkhuh wkhuh lv qr kljkhu ghshqghqfh ehwzhhq wkh lqvwuxphqwv dqg wkh huuru whupv/

wklv glvwulexwlrq frlqflghv zlwk wkdw ghulyhg e| Vwdljhu dqg Vwrfn1

Wkh dvvxpswlrqv rq wkh surshuwlhv ri wkh gdwd duh jlyhq lq whupv ri kljk0ohyho frqglwlrqv/ d mrlqw

zhdn odz ri odujh qxpehuv dqg d zhdn frqyhujhqfh uhvxow1 Wklv lv grqh wr pdnh wkh frqglwlrqv vlplodu

wr wkrvh xvhg e| Vwdljhu dqg Vwrfn1 Pdq| vhwv ri sulplwlyh frqglwlrqv fdq ohdg wr wkhvh wzr uhvxowv1

Iru h{dpsoh/ vx!flhqw frqglwlrqv duh wkdw wkh yhfwru E�|c T|� eh d pduwlqjdoh gl�huhqfh vhtxhqfh zlwk

uhvshfw wr wkh �owudwlrq
�
E�|3�3�c T|3�3�c ~|3�cf|3�� c �� � f

�
zlwk xqlirup �qlwh E2 n #� prphqwv iru

vrph # : f dqg wkh yhfwru E~|cf|� eh k0pl{lqj zlwk pl{lqj qxpehuv ri vl}h � V

V3�
dqg Eo n V��qlwh

prphqwv iru vrph o � 2� Xqiruwxqdwho|/ wkhvh frqglwlrqv lpso| wkdw lq wkh yduldqfh fdvh/ ~| ' j2

| c

zh qhhg jH

| wr eh �qlwh iru doo |� Wklv lv d yhu| gl!fxow uhtxluhphqw iru �qdqfldo gdwd dv wkhuh lv

hylghqfh wkdw pdq| �qdqfldo vhulhv gr qrw hyhq kdyh irxu �qlwh prphqwv1 Iru wklv uhdvrq/ zh zloo

xvh kljko| djjuhjdwhg gdwd +iru h{dpsoh prqwko| dqg txduwhuo| gdwd, iru dssolfdwlrqv wr �qdqfldo

gdwd1

7141 Lqihuhqfh

Uhfhqw zrun e| Zdqj dqg ]lyrw +4<<;, dqg ]lyrw/ Vwduw} dqg Qhovrq +iruwkfrplqj, kdv vkrzq

krz xquholdeoh lqihuhqfh fdq eh lq wkh Vwdljhu dqg Vwrfn iudphzrun1 Lq sduwlfxodu/ wkh| vkrz wkdw

frq�ghqfh lqwhuydov edvhg rq Zdog vwdwlvwlfv whqg wr eh wrr qduurz/ wkxv ohdglqj wr ryhuuhmhfwlrq1

Udwkhu/ wkhvh dxwkruv uhfrpphqg wkh xvh ri frq�ghqfh lqwhuydov rewdlqhg iurp lqyhuwlqj OP vwdwlvwlfv

dqg wkh Dqghuvrq0Uxelq vwdwlvwlf lq wkh fdvh zkhuh wkh prgho lv ryhulghqwl�hg1

Xvh ri wkh dv|pswrwlf wkhru| ghyhorshg lq wkh suhylrxv vhfwlrq lv kdpshuhg e| wkh suhvhqfh ri

wkh qxlvdqfh sdudphwhuv/ b dqg 4c zklfk fdqqrw eh frqvlvwhqwo| hvwlpdwhg1 Dv Zdqj dqg ]lyrw

+4<<;, kdyh qrwlfhg/ lq wkh fdvh ri mxvw0lghqwl�hg prghov dv lv wkh fdvh khuh/ li zh xvh wkh uhvwulfwhg

hvwlpdwh ri j~�c whvw vwdwlvwlfv zloo kdyh d olplwlqj �
2 glvwulexwlrq1 Lq ryhu0lghqwl�hg prghov/ wkhvh

whvw vwdwlvwlfv zloo eh erxqghg iurp deryh e| d �2 Eg� glvwulexwlrq zkhuh g : &2 lv wkh qxpehu ri

lqvwuxphqwv1 Wkxv OP vwdwlvwlfv zloo eh dssursuldwh li rxu frqfhuq lv wr frqwuro wkh vl}h ri wkh whvw

dqg frqvwuxfw dv|pswrwlfdoo| ydolg frq�ghqfh lqwhuydov1

Wkh OP frq�ghqfh lqwhuydov fdq eh rewdlqhg dv wkh vhw ri B vxfk wkdw wkh OP whvw vwdwlvwlf grhv
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qrw uhmhfw wkh qxoo k|srwkhvlv1 ]lyrw/ Vwduw}/ dqg Qhovrq +iruwkfrplqj, kdyh vkrzq wkdw lqyhuwlqj

wkh OP vwdwlvwlf iru B lqyroyhv vroylqj d txdgudwlf htxdwlrq1 Wkh vkdsh ri wkh uhvxowlqj frq�ghqfh

lqwhuydo zloo ydu|= lw frxog eh d erxqghg vhw/ wkh xqlrq ri wzr xqerxqghg lqwhuydov/ ru wkh hqwluh uhdo

olqh1 Wkhvh duh txlwh xqxvxdo lq vkdsh1 Wkh srvvlelolw| wkdw frq�ghqfh lqwhuydov frxog eh xqerxqghg

uh hfwv wkh juhdw xqfhuwdlqw| derxw wkh sdudphwhu ri lqwhuhvw1 Gxirxu +4<<:, kdv vkrzq wkdw d ydolg

E�� k� frq�ghqfh lqwhuydo iru d orfdoo| xqlghqwl�hg sdudphwhu zloo eh xqerxqghg zlwk suredelolw|

E�� k� � Vlqfh Zdog lqwhuydov duh dozd|v erxqghg +ehlqj frqvwuxfwhg e| dgglqj dqg vxewudfwlqj wzr

vwdqgdug huuruv wr wkh srlqw hvwlpdwh,/ wkh| fdqqrw surylgh ydolg lqihuhqfh lq wklv w|sh ri prgho1

Xqiruwxqdwho|/ wkhvh Zdog lqwhuydov duh doprvw dozd|v xvhg lq sudfwlfh1

Lq rxu fdvh khuh/ zh qhhg wr dgmxvw wkh OP vwdwlvwlf iru wkh kljkhu rughu ghshqghqfh1 Wklv lv

grqh lq wkh iroorzlqj sursrvlwlrq iru rxu mxvw0lghqwl�hg fdvh=

Sursrvlwlrq 7151 Ohw } ' �

?
e~ ��f

�
+ � et B� � Wkhq xqghu wkh qxoo k|srwkhvlv/ Mf G B ' Bf/ u� '

?}�j3�

~�}
_
$ �2 E&2� �

Xqiruwxqdwho|/ lq wklv fdvh/ wkhuh lv qr hdv| zd| wr zulwh wkh lqhtxdolw| wkdw gh�qhv wkh frq�ghqfh

lqwhuydov dv d txdgudwlf htxdwlrq lq B� Frq�ghqfh lqwhuydov pxvw eh frpsxwhg qxphulfdoo| e| gh�qlqj

d julg ri B dqg yhuli|lqj iru hdfk srlqw rq wkh julg zkhwkhu wkh OP vwdwlvwlf gh�qhg lq wkh deryh

sursrvlwlrq lv ohvv wkdq wkh dssursuldwh fulwlfdo ydoxh iurp wkh �2 E&2� glvwulexwlrq1 Wklv phwkrg lv

hdvlo| lpsohphqwhg lq wkh vfdodu fdvh/ exw frxog kdugo| eh fduulhg rxw lq kljk glphqvlrqv1

Dqrwkhu dssurdfk wr rewdlqlqj frq�ghqfh lqwhuydov/ vxjjhvwhg e| Vwdljhu dqg Vwrfn +4<<:,/ lv wr

xvh wkh Dqghuvrq0Uxelq vwdwlvwlf1 Lw lv xvxdoo| gh�qhg dv wkh 8 0vwdwlvwlf iru wkh vljql�fdqfh ri BW lq

wkh uhjuhvvlrq

+ � et Bf ' fqW n e~BW n �W

zkhuh qW ' q n KEB � Bf� c B
W ' �EB � Bf� c dqg �W ' � n � EB � Bf� � Vlqfh zh kdyh d fdvh zlwk

khwhurvnhgdvwlflw|/ zh qhhg wr xvh urexvw vwdqgdug huuruv wr frpsxwh wkh whvw vwdwlvwlf1 Lw wxuqv rxw

wkdw lq wkh mxvw0lghqwl�hg fdvh/ wklv vwdwlvwlf lv lghqwlfdo wr wkh deryh OP vwdwlvwlf1 Wklv idfw lv vwdwhg

lq wkh iroorzlqj sursrvlwlrq=
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Sursrvlwlrq 7161 Ohw �- ' ?eBWeT 3� eBW zkhuh eT '
S

3�

~~
ej~�

S
3�

~~
� Wkhq/ xqghu wkh qxoo k|srwkhvlv

Mf G B ' Bfc �- ' u��

Wkh deryh sursrvlwlrqv wkxv jlyh xv wzr htxlydohqw zd|v wr frqvwuxfw dv|pswrwlfdoo| ydolg frq�0

ghqfh lqwhuydov1 Wkh wzr phwkrgv duh h{dfwo| wkh vdph dv orqj dv wkh vdph hvwlpdwh ri j~� lv xvhg

wr frqvwuxfw hlwkhu u� ru �-� Wkh shuirupdqfh ri wkhvh lqwhuydov lq d vpdoo vdpsoh vlwxdwlrq zloo

eh dqdo|}hg lq wkh vlpxodwlrq h{shulphqw lq wkh qh{w vhfwlrq1

81 Vlpxodwlrq Uhvxowv

Lq wklv vhfwlrq/ wkh ehkdylru ri wkh surfhgxuhv ghvfulehg deryh zloo eh dqdo|}hg wkurxjk d vpdoo vlp0

xodwlrq h{shulphqw1 Lpsruwdqw lvvxhv wr eh dqdo|}hg lqfoxgh wkh fkrlfh ri vprrwklqj sdudphwhuv/ wkh

dssursuldwhqhvv ri wkh ydulrxv frq�ghqfh lqwhuydov/ dqg wkh glvwulexwlrq ri wkh uhvxowlqj hvwlpdwruv1

Frqvlghu wkh JDUFK0PE�c �� GJS=

+| ' � n Bj2
|
n e| ' � n Bj2

|
n j|0|

j2

|
' / n ke2

|3�
n qj2

|3�

0| q ����_�� Efc ��

Lq whupv ri wkh deryh qrwdwlrq/ zh kdyh �| ' e2
|
� j2

|
c �| ' e| � B�|c t| ' e2

|
c dqg ~| ' j2

|
�

Wkh ydulrxv sdudphwhuv duh vhw wr wkh hvwlpdwhv rewdlqhg iurp dq lghqwlfdo JDUFK0P+4/4,

prgho iru wkh V)S 833 gdwd zklfk duh � ' �f�ffbec E/c kc q� ' E��ee � �f3ec f�fSDbc f�HDeS� c dqg

B ' S�S.Se� Wkhvh srlqw hvwlpdwhv duh vlplodu wr wkrvh xvxdoo| rewdlqhg lq wklv frqwh{w/ iru h{dpsoh

e| Jorvwhq/ Mdjdqqdwkdq/ dqg Uxqnoh +4<<6,/ dqg zloo ohdg wr d udwkhu shuvlvwhqw j2
|
dqg wr d zhdn

lqvwuxphqw1 Wkurxjkrxw/ vdpsohv ri 783 duh gudzq/ zlwk wkh �uvw 83 revhuydwlrqv ghohwhg wr uhpryh

wkh h�hfw ri wkh lqlwldo frqglwlrq +wdnhq dv wkh phdq ri wkh xqfrqglwlrqdo glvwulexwlrq,1 Wkh ohqjwk

ri wkh vdpsoh qhduo| pdwfkhv wkdw ri wkh V)S gdwd1

Rqh glvdgydqwdjh ri wkh fxuuhqw vhwxs lv wkdw wkh fruuhodwlrq ehwzhhq ej2
|
dqg ee2

|
fdqqrw eh

frqwuroohg1 Zh fdq frqwuro wkh fruuhodwlrq ehwzhhq wkh xqrevhuydeoh yduldeohv/ exw gxh wr hvwlpdwlrq/

wkh fruuhodwlrq ehwzhhq revhuydeoh yduldeohv zloo eh gl�huhqw lq jhqhudo1
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Wkh ydoxhv ri wkh qxlvdqfh sdudphwhuv lq wklv vhwxs fdq eh rewdlqhg lq whupv ri wkh prphqwv ri

wkh frqglwlrqdo yduldqfh surfhvv dv=
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. Eje
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l
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�
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~�

zkhuh V� ' .
�
0
�

|

�
lv wkh �|� prphqw ri 0|�

Wkh ydoxhv ri wkh �uvw 7 hyhq prphqwv ri j2

| duh ghulyhg uhfxuvlyho| lq Eroohuvohy +4<;9, dv

d ixqfwlrq ri /c kc dqg q dqg wkh prphqwv ri 0|1 Wklv doorzv iru wkh hdv| frpsxwdwlrq ri wkh

qxlvdqfh sdudphwhuv1 Iru wkh ydoxhv jlyhq deryh/ wkhvh sdudphwhuv duh b ' 2��eDc 4 ' �f�e.2c

j~� ' ��efee� �2c dqg j~� ' S�H�be� �f1 Wkh srsxodwlrq -2 ehwzhhq e2| dqg j2| lv 51::(1

Iljxuh 9 vkrzv d sorw ri wkh dv|pswrwlf glvwulexwlrq xvlqj wkh deryh hvwlpdwhv ri wkh qxlvdqfh

sdudphwhuv dqg wkdw ri wkh qrupdo glvwulexwlrq rewdlqhg xqghu wkh xvxdo dv|pswrwlf wkhru|/ qdpho|

s
?
�eB � B

�
_$ �

�
fc
[

3�

~t
j~�

�[
3�

~t

���

zkhuh
S

~t
' *�4
?<"

�

?
~ ��ft 1 Doo txdqwlwlhv duh qrupdol}hg dv w0udwlrv> wklv pdnhv wkh xvxdo qrupdo

wkhru| deryh wkh vwdqgdug qrupdo1 Wkh �jxuh lv gudzq zlwk 433/333 gudzv wdnhq iurp hdfk glvwulex0

wlrq1 Wkh zhdn lqvwuxphqw dssur{lpdwlrq lv voljkwo| vnhzhg/ exw lwv pdlq ihdwxuh lv wkh pxfk idwwhu

wdlov wkdq wkrvh ri wkh vwdqgdug qrupdo glvwulexwlrq1 Wkh pdvv srlqwv dw 043 dqg 43 uhsuhvhqw wkh

pdvv wkdw olhv rxwvlgh ri wkh d��fc �fo lqwhuydo1

Iljxuh : vkrzv wkh vdph slfwxuh iru ? ' Dfff� Vlqfh wkh zhdn lqvwuxphqw dssur{lpdwlrq ds0

surdfkhv wkh vwdqgdug qrupdo dv ?$4 lq wklv fdvh ehfdxvh b$4c zh vhh wkdw erwk wkh vnhzqhvv

dqg wkh h{fhvv nxuwrvlv duh pxfk uhgxfhg iru wklv vdpsoh vl}h1

Iljxuh ; vkrzv wkh glvwulexwlrq ri wkh lqihdvleoh LY hvwlpdwru xvlqj wkh dfwxdo ydoxhv ri j2

| dqg

e2| jhqhudwhg> wklv hvwlpdwru lv lqihdvleoh vlqfh wkhvh ydoxhv duh xqrevhuydeoh lq sudfwlfh1 Wklv

h{shulphqw zdv uhshdwhg 53/333 wlphv1 Wkh dv|pswrwlf dssur{lpdwlrq fdswxuhv prvw ri wkh ihdwxuhv
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ri wkh �qlwh0vdpsoh glvwulexwlrq ri wkh LY hvwlpdwru1 Lw pdwfkhv wkh wzr wdlov zhoo exw ryhuhvwlpdwhv

wkh pdvv lq wkh plggoh ri wkh glvwulexwlrq1 Wkh xvxdo qrupdo dssur{lpdwlrq grhv qrw fdswxuh wkh

wdlo ehkdylru dw doo dqg grhv qrw gr ehwwhu lq wkh duhd durxqg wkh shdn ri wkh glvwulexwlrq1

Wkh uhvxowv ri doo vlpxodwlrq h{shulphqwv duh vxppdul}hg lq wdeohv 70431 Wkh �uvw froxpq ri hdfk

wdeoh vkrzv wkh phgldq ri wkh LY hvwlpdwru +udwkhu wkdq wkh phdq ehfdxvh ri wkh khdy| wdlov ri wkh

glvwulexwlrqv,1 Wkh qh{w wzr froxpqv lqglfdwh wkh fryhudjh udwh ri wkh dssursuldwh <8( frq�ghqfh

lqwhuydov1 Wkh odvw froxpq frqwdlqv wkh phdq -2 ri d uhjuhvvlrq ri ee2| rq d frqvwdqw dqg ej2| �
Wkh �uvw olqh ri wkhvh wdeohv uhsruwv uhvxowv ri wkh lqihdvleoh hvwlpdwru glvfxvvhg deryh1 Wkh LY

hvwlpdwru dsshduv voljkwo| eldvhg xszdug dv h{shfwhg jlyhq wkh vnhzqhvv revhuyhg lq �jxuh ;1 Wkh

Zdog frq�ghqfh lqwhuydo kdv d fryhudjh udwh wkdw lv pxfk orzhu wkdq lwv qrplqdo ohyho/ zkloh wkh

OP lqwhuydo kdv fryhudjh udwh wkdw lv rqo| voljkwo| wrr orz1 Wkh xqghu0fryhudjh ri wkh Zdog0edvhg

frq�ghqfh lqwhuydov lv h{shfwhg jlyhq wkh wkhruhwlfdo uhvxowv wkdw wkhvh vkrxog kdyh }hur fryhudjh

dv|pswrwlfdoo| dqg wkh khdy| wdlov ri wkh glvwulexwlrq lq �jxuh ;1 D uhvhdufkhu xvlqj wkhvh lqwhuydov

zrxog ryhu0uhmhfw wkh qxoo k|srwkhvlv Mf G B ' Bf zkhq lw lv wuxh1

Iru wkh uhpdlqlqj h{shulphqwv/ hvwlpdwhv ri e2| dqg j
2

| duh qhfhvvdu|1 Dv ehiruh/ wkhvh duh rewdlqhg

lq wkuhh zd|v1 Wkh �uvw rqh lv d nhuqho0edvhg hvwlpdwru zlwk d pxowlyduldwh Jdxvvldq nhuqho dqg

zlwk edqgzlgwk vhohfwhg dffruglqj wr wkh uxoh K& ' Ser&?3 �

Rne c zkhuh R lv wkh qxpehu ri frqglwlrqlqj

yduldeohv +wdnhq wr eh odjjhg ydoxhv ri +|,/ er& lv wkh vdpsoh vwdqgdug ghyldwlrq ri wkh &|� frqglwlrqlqj

yduldeoh/ dqg S lv d frqvwdqw1 Wkuhh ydoxhv ri S zhuh xvhg= 318/ 4/ dqg 51 Wkhvh duh wkh vdph fkrlfhv

dv wkrvh xvhg wr rewdlq wkh ydoxhv suhvhqwhg lq wdeoh 4 deryh1 Wkh vhfrqg hvwlpdwru lv edvhg rq

duwl�fldo qhxudo qhwzrunv zlwk rqh klgghq od|hu dqg orjlvwlf dqg lghqwlw| dfwlydwlrq ixqfwlrqv1 Wkh

qxpehu ri qrghv duh vhw dw 5/ 7/ dqg ; dv zdv grqh lq wkh frqvwuxfwlrq ri wdeoh 51 Ilqdoo|/ wkh odvw

hvwlpdwru lv wkh Hqjoh0Qj hvwlpdwru xvhg lq wkh frqvwuxfwlrq ri wdeoh 6 zlwk 5/ 7/ dqg ; elqv1 Hdfk

h{shulphqw zdv uhshdwhg 4333 wlphv1

Wkh qhhg wr hvwlpdwh j2

|
dqg e2

|
fkdqjhv wkh uhvxow txlwh gudpdwlfdoo| uhodwlyh wr wkh lqihdvleoh

hvwlpdwru1 Wkh uhvxowv xvlqj wkh nhuqho hvwlpdwhv duh suhvhqwhg lq wdeohv 709 dqg �jxuhv <0441 Lq

doo fdvhv/ wkh hvwlpdwru ri B lv vwurqjo| eldvhg grzqzdug/ exw wklv eldv jrhv grzq dv wkh edqgzlgwk

lqfuhdvhv1 Lq jhqhudo/ d vpdoo edqgzlgwk lv suhihudeoh lq vhpl0sdudphwulf hvwlpdwlrq dv lw ohdgv wr ohvv
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eldvhg exw pruh yduldeoh qrq0sdudphwulf hvwlpdwhv wkdw jhw dyhudjhg lq wkh vhfrqg vwhs1 Krzhyhu/

dgglwlrqdo vprrwklqj lv dssursuldwh lq wklv fdvh ehfdxvh zh qhhg wr nhhs wkh frqglwlrqlqj vhw vpdoo

ghvslwh wkh kljk shuvlvwhqfh1 Wklv �qglqj lv frqvlvwhqw zlwk wkh uhvxowv lq Shuurq +4<<;,1 Vxusulvlqjo|/

wkh Zdog lqwhuydov kdyh lq jhqhudo ehwwhu fryhudjh wkdq wkhlu OP frxqwhusduwv1 Krzhyhu/ wkh fryhudjh

udwh ri OP lqwhuydov lpsuryhv vxevwdqwldoo| dv wkh edqgzlgwk lqfuhdvhv1

Wkh �jxuhv h{sodlq wklv skhqrphqrq1 Wkh nhuqho hvwlpdwru lv qrw d yhu| jrrg hvwlpdwru ri wkh

frqglwlrqdo yduldqfh lq wklv fdvh dv lw grhv qrw fdswxuh shuvlvwhqfh zhoo1 Khqfh/ wkh �qlwh vdpsoh

glvwulexwlrq ri eB lv qrzkhuh qhdu wkh rqh rewdlqhg e| xvlqj wkh lqihdvleoh LY hvwlpdwru1 Krzhyhu/

wklv vlwxdwlrq lpsuryhv zlwk d odujhu edqgzlgwk/ dqg wklv h{sodlqv zk| wkh uhvxowv dssurdfk wkrvh

rewdlqhg xvlqj wkh lqihdvleoh hvwlpdwru dv wkh edqgzlgwk lqfuhdvhv1 Qhyhuwkhohvv/ doo glvwulexwlrqv

duh khdylo| vnhzhg wr wkh ohiw dqg duh qrw zhoo vxppdul}hg e| dq| dv|pswrwlf dssur{lpdwlrq1

Wkh uhvxowv xvlqj wkh qhxudo qhwzrunv duh suhvhqwhg lq wdeohv :043 dqg �jxuhv 450471 Wkh glvwul0

exwlrq ri wkh hvwlpdwru ri B lv zhoo0fhqwhuhg zlwk R ' �1 Zlwk pruh wkdq rqh odjjhg ydoxh lq wkh

frqglwlrqlqj vhw/ krzhyhu/ wkh hvwlpdwru lv eldvhg grzqzdug1 Wkh wzr vhwv ri frq�ghqfh lqwhuydov

kdyh fryhudjh udwh wkdw lv wrr orz/ exw wkh OP lqwhuydov shuirup pxfk ehwwhu1 Lq idfw/ zlwk R ' �c

wkh fryhudjh udwh ri wkh OP lqwhuydov lv doprvw fruuhfw1 wkh Wkh zhdn lqvwuxphqw dssur{lpdwlrq

grhv qrw surylgh d yhu| jrrg dssur{lpdwlrq wr wkh �qlwh0vdpsoh glvwulexwlrq ri wkh hvwlpdwru gxh wr

wkh eldv/ exw ri frxuvh qhlwkhu grhv wkh xvxdo qrupdo wkhru|1

Ilqdoo|/ wkh uhvxowv iru wkh Hqjoh0Qj hvwlpdwru duh suhvhqwhg lq wdeoh : dqg �jxuh 48 iru R ' ��

Wkh uhvxowv surylghg e| wklv phwkrg duh h{fhoohqw1 Wkh eldv lq wkh hvwlpdwlrq ri wkh ulvn sdudphwhu

lv vpdoo +exw voljkwo| qhjdwlyh,1 Rqfh djdlq/ wkh OP0edvhg frq�ghqfh lqwhuydov shuirup ehwwhu zlwk

d fryhudjh udwh wkdw lv forvh wr wkhlu qrplqdo ohyho ri <8(1 Wkh dv|pswrwlf dssur{lpdwlrq surylghg

e| wkh zhdn lqvwuxphqw wkhru| lv h{fhoohqw1 Pruhryhu/ wkhuh lv rqo| voljkw vhqvlwlylw| wr wkh fkrlfh ri

wkh vprrwklqj sdudphwhu1 Wkh glvwulexwlrqv zlwk 5/ 7 ru ; elqv duh hvvhqwldoo| lqglvwlqjxlvkdeoh lq

wkh �jxuh1

Lw zrxog wkxv dsshdu wkdw rqo| wkh Hqjoh0Qj surfhgxuh surylghv d jrrg dssur{lpdwlrq wr wkh

frqglwlrqdo yduldqfh dv lw ohdgv wr dq LY hvwlpdwru zlwk d glvwulexwlrq wkdw lv forvh wr wkdw ri wkh

lqihdvleoh LY hvwlpdwru1 Wkh rwkhu wzr +dv zhoo dv rwkhu qrq0sdudphwulf hvwlpdwruv vxfk dv qhduhvw
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qhljkeruv ru orfdo sro|qrpldov, idfh wkh glvdgydqwdjh wkdw wkh| pxvw eh pdgh frqglwlrqdo rq d vpdoo

lqirupdwlrq vhw1 Lq wkhru|/ qhxudo qhwzrunv gr qrw vx�hu iurp wkh fxuvh ri glphqvlrqdolw| dqg frxog

eh hvwlpdwhg frqglwlrqdo rq d pxfk odujhu qxpehu ri odjjhg ydoxhv1 Lq sudfwlfh/ wklv lv gl!fxow dv wkh

rswlpl}dwlrq ehfrphv pruh sureohpdwlf/ dqg wkh shuirupdqfh grhv qrw vhhp wr lpsuryh uhpdundeo|1

Wkxv/ wkh uhvxowv deryh vxjjhvw h{wuhph fdxwlrq zkhq xvlqj hvwlpdwhg lqvwuxphqwv dqg h{sodqd0

wru| yduldeohv lq lqvwuxphqwdo yduldeoh uhjuhvvlrq1 Lw krzhyhu dsshduv wkdw lqihuhqfh fdq eh grqh

urexvwo| e| xvlqj OP frq�ghqfh lqwhuydov dqg xvlqj wkh vhpl0sdudphwulf hvwlpdwru ri wkh frqgl0

wlrqdo yduldqfh1 Rqfh wkh frqglwlrqdo yduldqfh lv hvwlpdwhg/ wkh dssur{lpdwlrq surylghg e| wkh zhdn

lqvwuxphqw glvwulexwlrq lv pxfk vxshulru wr wkdw surylghg e| wkh xvxdo qrupdo dssur{lpdwlrq1

91 Hpslulfdo uhvxowv

Lq wklv vhfwlrq/ zh zloo dqdo|}h rxu wkuhh �qdqfldo gdwd vhwv wr vhhn hylghqfh ri d ulvn0uhwxuq wudgh0r�1

Wr uhlwhudwh/ wkh vhulhv duh prqwko| uhwxuqv rq wkh V)S 833 lqgh{/ txduwhuo| h{fhvv kroglqj |lhog

ehwzhhq 90prqwk dqg 60prqwk Wuhdvxu| eloov dqg prqwko| uhwxuqv rq wkh |hq0groodu vsrw udwh1

Iru hdfk vhulhv/ zh srvwxodwh d prgho ri wkh irup

+| ' q�%| n Bj2

|
n e|

zlwk %| ehlqj d yhfwru ri h{sodqdwru| yduldeohv vshfl�f wr hdfk vhulhv dqg j2

|
' .

�
i+| � . d+|mI|3�oj

2 mI|3�

�

zkhuh I|3� lv wkh lqirupdwlrq vhw xvhg e| wkh djhqwv lq iruplqj wkh fruuhvsrqglqj h{shfwdwlrq1

Iru erwk vhulhv/ wkh frqglwlrqdo yduldqfh zdv hvwlpdwhg xvlqj hdfk ri wkh wkuhh phwkrgv glvfxvvhg

deryh= nhuqho/ qhxudo qhwzrunv/ dqg wkh Hqjoh0Qj hvwlpdwru ghvfulehg deryh1 Zh rqo| uhsruw wkh

uhvxowv xvlqj kh nhuqho hvwlpdwh zlwk d edqgzlgwk frqvwdqw ri 5 vlqfh wklv ydoxh uhgxfhg wkh eldv lq

wkh hvwlpdwlrq dqg surylghg frq�ghqfh lqwhuydov zlwk ehwwhu fryhudjh lq wkh vlpxodwlrq h{shulphqw/

qhxudo qhwzrunv zlwk 7 qrghv/ dqg wkh Hqjoh0Qj hvwlpdwru zlwk 7 elqv1 Uhvxowv iru wkh rwkhu fkrlfhv

duh dydlodeoh xsrq uhtxhvw1

Wkh OP frq�ghqfh lqwhuydov zhuh frpsxwhg e| qxphulfdoo| lqyhuwlqj wkh OP vwdwlvwlf1 D julg ri

4333 htxl0vsdfhg srlqwv ehwzhhq 0433 dqg 433 zdv xvhg iru wklv sxusrvh1 Iru wklv uhdvrq/ wkh lq�qlwh

ru yhu| odujh frq�ghqfh lqwhuydov jrw wuxqfdwhg dw wkhvh wzr hqgsrlqwv1
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9141 Vwrfn uhwxuqv

Wkh �uvw vhulhv uhsuhvhqwv prqwko| h{fhvv uhwxuqv rq wkh V)S 833 lqgh{ ehwzhhq Mdqxdu| 4<98 dqg

Ghfhpehu 4<<:1 Wkh gdwd lv wdnhq iurpFUVS/ dqg wkh ulvn0iuhh udwh lv wkh 60prqwk Wuhdvxu| eloo udwh1

Wkh wudgh0r� ehwzhhq ulvn dqg uhwxuq kdv ehhq h{whqvlyho| vwxglhg iru vlplodu vhulhv zlwk frq lfwlqj

uhvxowv1 Iru h{dpsoh/ Iuhqfk/ Vfkzhuw/ dqg Vwdpedxjk +4<;:, �qg d srvlwlyh uhodwlrq ehwzhhq

uhwxuqv dqg wkh frqglwlrqdo yduldqfh/ zkloh Jorvwhq/ Mdjdqqdwkdq/ dqg Uxqnoh +4<<6, �qg d qhjdwlyh

uhodwlrqvkls xvlqj d prgl�hg JDUFK0P phwkrgrorj|1 Wklv frq lfwlqj hylghqfh lv qrw vxusulvlqj lq

oljkw ri wkh uhvxowv rewdlqhg e| Edfnxv/ Juhjru|/ dqg ]lq +4<;<, dqg Edfnxv dqg Juhjru| +4<<6,1

Xvlqj d jhqhudo htxloleulxp vhwwlqj/ wkh| surylgh vlpxodwlrq hylghqfh wkdw wkh uhodwlrqvkls ehwzhhq

h{shfwhg uhwxuqv dqg wkh yduldqfh ri uhwxuqv fdq jr lq hlwkhu gluhfwlrq/ ghshqglqj rq vshfl�fdwlrq1

Wkh hvwlpdwlrq uhvxowv duh suhvhqwhg lq wdeoh 441 Lq dgglwlrq wr wkh srlqw hvwlpdwhv dqg wkh

urexvw |0vwdwlvwlfv/ zh suhvhqw Zdog0edvhg dqg OP0edvhg <8( frq�ghqfh lqwhuydov iru wkh frh!flhqw

rq wkh ulvn yduldeoh/ Bc dv zhoo dv wkh sduwldo -2 ehwzhhq ej2
|
dqg ee2

|
� Wkh uhvxowv duh xqdpeljxrxv rq

wkh suhvhqfh ri d uhodwlrqvkls ehwzhhq wkh h{fhvv uhwxuqv dqg wkh frqglwlrqdo yduldqfh1 Lq doo fdvhv

exw rqh/ wkhuh lv qr vljql�fdqw h�hfw ri ulvn rq uhwxuqv1 Wkh rqo| h{fhswlrq lv wkh nhuqho hvwlpdwru

zlwk 6 odjv zklfk vkrzv d vljql�fdqw srvlwlyh uhodwlrqvkls xvlqj wkh Zdog lqihuhqfh1 Krzhyhu/ wkh

pdlq ihdwxuh ri wkh uhvxowv lv wkh pxfk zlghu frq�ghqfh lqwhuydov rewdlqhg xvlqj wkh OP sulqflsoh1

Zdog frq�ghqfh lqwhuydov gudpdwlfdoo| xqghuvwdwh wkh xqfhuwdlqw| ri wkh hvwlpdwhg sdudphwhuv1

9151 H{fhvv kroglqj |lhog

Iroorzlqj Hqjoh/ Ololhq/ dqg Urelqv +4<;:,/ wkh h{fhvv kroglqj |lhog ehwzhhq 90prqwk Wuhdvxu| eloo

dqg 60prqwk Wuhdvxu| eloo lv gh�qhg dv=

+| '

E� n-|�
2

E� n o|n��
� E� n o|�

zkhuh -| dqg o| duh wkh |lhog rq wkh 90prqwk dqg 60prqwk W0eloo ehwzhhq | dqg |n � uhvshfwlyho|1

Txduwhuo| gdwd ehwzhhq wkh �uvw txduwhu ri 4<8< dqg wkh �uvw txduwhu ri 4<<; lv xvhg1 D vlplodu

+dqg vkruwhu, vhulhv kdv ehhq vwxglhg e| Hqjoh/ Ololhq/ dqg Urelqv +4<;:, dqg e| Sdjdq dqg Krqj

+4<<4,1 Wkh �uvw sdshu dssolhg wkh DUFK0P phwkrgrorj|/ zkloh wkh vhfrqg rqh xvhg wkh deryh
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vhpl0sdudphwulf lqvwuxphqwdo yduldeoh hvwlpdwru1 D sorw ri wkh gdwd lv surylghg lq �jxuh 61

Wkh uhvxowv ri wkh hvwlpdwlrq duh suhvhqwhg lq wdeoh 45 iru odj ohqjwkv ehwzhhq 4 dqg 61 Wkh

yduldeohv lqfoxghg lq wkh yhfwru ri h{rjhqrxv dqg suhghwhuplqhg yduldeohv %| lqfoxgh d frqvwdqw/ dqg

wkh lqwhuhvw vsuhdg -| � o|1 Doo srlqw hvwlpdwhv duh srvlwlyh zlwk wkh h{fhswlrq ri wkh nhuqho zlwk

rqh odj1 Wkuhh fdvhv vkrz d vljql�fdqw uhodwlrqvkls xvlqj Zdog lqihuhqfh1 Lq wkhvh wkuhh fdvhv1 wkh

OP lqwhuydov duh yhu| zlgh dqg uhyhuvh wkh frqfoxvlrq1 Lq idfw wkh OP lqwhuydov duh pxfk zlghu wkdq

wkhlu Zdog frxqwhusduwv lq doo fdvhv1

Dovr qrwh wkdw wkh lqwhuhvw vsuhdg lv vljql�fdqw dw wkh 8( ohyho xvlqj vwdqgdug whvwlqj surfhgxuhv

lq doo fdvhv exw rqh1 Wklv lv wr eh h{shfwhg jlyhq wkh vhfrqg sduw ri wkhruhp 714 dv wkh xvxdo

vwdqgdug huuruv xqghuvwdwh wkh ohyho ri xqfhuwdlqw| dvvrfldwhg zlwk wkh hvwlpdwruv ri wkh frh!flhqwv

ri wkh h{rjhqrxv yduldeohv1

9161 \hq0groodu h{fkdqjh udwh

Wkh rwkhu gdwd vhulhv frqvlghuhg frqvlvwv ri prqwko| uhwxuqv rq wkh |hq0groodu vsrw h{fkdqjh udwh

ehwzhhq Vhswhpehu 4<:; dqg Mxqh 4<<;1 Wklv vhulhv lv sorwwhg lq �jxuh 71 Wkh uhwxuqv duh dvvxphg

wr ghshqg rq wkh gl�huhqwldo ehwzhhq Mdsdqhvh dqg X1V1 lqwhuhvw udwhv dv srvwxodwhg e| wkh xqfryhuhg

sdulw| frqglwlrq/ dv zhoo dv wkhlu rzq odj ydoxhv1 Wkh lqwhuhvw udwh xvhg lv wkh 60prqwk OLERU r�hu

udwh1 Wkh gdwd zdv rewdlqhg iurp wkh LIV FG0Urp1

Wkh uhvxowv iurp wkh hvwlpdwlrq duh suhvhqwhg lq wdeoh 461 Rqfh djdlq/ ihz frq�ghqfh lqwhuydov

vkrz d vwdwlvwlfdoo| vljql�fdqw ulvn suhplxp whup1 Wkh rqo| h{fhswlrqv duh wkh qhxudo qhwzrun zlwk

5 odjv zklfk vkrzv d vljql�fdqwo| qhjdwlyh uhodwlrq dqg 6 fdvhv zkhuh wkh OP lqwhuydov wdnh wkh

xqxvxdo glvmrlqw vkdsh1 Wkh Zdog frq�ghqfh lqwhuydov duh douhdg| zlgh/ exw wkh OP lqwhuydov duh

hyhq zlghu1 Wkh sduwldo -2 ehwzhhq hvwlpdwhg vtxduhg lqqrydwlrqv dqg wkh hvwlpdwhg frqglwlrqdo

yduldqfh lv pxfk orzhu wkdq iru wkh h{fhvv kroglqj |lhog dv zdv grfxphqwhg lq wdeohv 4061

Qrwh wkdw wkh frh!flhqw rq wkh lqwhuhvw udwh gl�huhqwldo vhhpv txlwh suhflvho| hvwlpdwhg ehwzhhq

06 dqg 07 iru doo vshfl�fdwlrqv dqg lv vljql�fdqwo| qhjdwlyh xvlqj vwdqgdug whvwlqj surfhgxuhv1 Pdq|

vwxglhv xvlqj wkh xqfryhuhg lqwhuhvw udwh sdulw| frqglwlrq �qg vxfk d vljql�fdqwo| qhjdwlyh frh!flhqw

rq wkh lqwhuhvw gl�huhqwldo +vhh Iurrw dqg Wkdohu +4<<3, iru d vxuyh| ri wkh olwhudwxuh,1 Wkh lqfoxvlrq
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ri wkh yduldqfh whup grhv qrw fkdqjh wkh uhvxowv pxfk/ qhlwkhu grhv wkh lqfoxvlrq ri prqwko| gxpplhv1

Wklv lv dovr wuxh iru wkh JDUFK0P vshfl�fdwlrq1 Lq wklv odwwhu fdvh krzhyhu/ wkh ulvn suhplxp whup

lv vljql�fdqwo| srvlwlyh1 Krzhyhu/ wklv vljql�fdqfh kdv wr eh wdnhq zlwk fduh jlyhq wkh vhfrqg uhvxow

ri wkhruhp 7141

:1 Frqfoxvlrq

Wklv sdshu iroorzv vhyhudo rwkhuv lq vkrzlqj wkdw lqihuhqfh xvlqj lqvwuxphqwdo yduldeohv lv juhdwo|

d�hfwhg e| d orz fruuhodwlrq ehwzhhq wkh lqvwuxphqwv dqg wkh h{sodqdwru| yduldeohv1 Lw h{whqgv wkh

fxuuhqw olwhudwxuh wr olqhdu vhpl0sdudphwulf prghov zlwk qrq0sdudphwulfdoo| hvwlpdwhg uhjuhvvruv dqg

lqvwuxphqwv dqg wr fdvhv zlwk kljkhu0rughu ghshqghqfh1 Wkh dqdo|vlv vkrzv wkdw wkh olplw wkhru| lq

wklv fdvh lv vlplodu wr wkdw fxuuhqwo| dydlodeoh lq wkh olwhudwxuh1

Vlpxodwlrq hylghqfh uhyhdov wkdw wkh dgglwlrqdo vwhs ri hvwlpdwlqj erwk wkh uhjuhvvru dqg wkh

lqvwuxphqw pd| ohdg wr d odujh orvv lq wkh txdolw| ri dv|pswrwlf dssur{lpdwlrqv1 Xvlqj d vhpl0

sdudphwulf hvwlpdwru sursrvhg e| Hqjoh dqg Qj +4<<6, dqg fduu|lqj rxw lqihuhqfh xvlqj Odjudqjh

Pxowlsolhu surfhgxuhv doorzv iru lqihuhqfh wkdw lv pruh urexvw wkdq wkh dowhuqdwlyhv frqvlghuhg khuh1

Hpslulfdo dssolfdwlrq wr wkuhh �qdqfldo vhulhv vxjjhvwv wkdw frqfoxvlrqv pd| klqjh rq wkh xvh

ri dssursuldwh frq�ghqfh lqwhuydov1 Xvlqj wkh dssursuldwh OP frq�ghqfh lqwhuydov dqg wkh vhpl0

sdudphwulf hvwlpdwru ri wkh frqglwlrqdo yduldqfh ohdgv xv wr frqfoxgh wkdw qrqh ri wkh vhulhv frqvlghuhg

lqfoxghv d vwdwlvwlfdoo| vljql�fdqw ulvn suhplxp1 Wklv gl�huv lq pdq| fdvhv iurp lqihuhqfh edvhg rq

wkh xvxdo Zdog frq�ghqfh lqwhuydov dqg rq d sdudphwulf JDUFK0P prgho1 Krzhyhu/ ehfdxvh ri

wkh zlgh frq�ghqfh edqgv/ wkh uhvxowv duh dovr frqvlvwhqw zlwk wkh suhvhqfh ri odujh ulvn suhpld1

Wkh gdwd lv vlpso| qrw lqirupdwlyh hqrxjk wr suhflvho| hvwlpdwh wkh uhodwlrqvkls ehwzhhq ulvn dqg

uhwxuqv1

Ixuwkhu zrun rq wklv sureohp lv fohduo| zduudqwhg1 Lq sduwlfxodu/ rwkhu hvwlpdwruv vxfk dv pd{0

lpxp olnholkrrg duh olnho| wr idfh vlplodu sureohpv dv wkh LY hvwlpdwru dqdo|}hg khuh1 Pruhryhu/

Ed|hvldq phwkrgv pljkw eh khosixo lq wklv fdvh dv d sulru glvwulexwlrq rq wkh uhgxfhg irup frh!0

flhqwv lv lqwxlwlyh1 Ilqdoo|/ wkh ghyhorsphqw ri gdwd0edvhg vhohfwlrq surfhgxuhv iru wkh vprrwklqj

sdudphwhuv dsshduv lpsruwdqw jlyhq wkh vhqvlwlylw| ri wkh uhvxowv wr wklv fkrlfh1
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;1 Dsshqgl{

41 Surriv

4141 Suholplqdu| uhvxowv

Ehiruh surylqj wkh ydulrxv wkhruhpv/ zh zloo froohfw wkh uhtxluhg suholplqdulhv lq wkh iroorzlqj ohppd1

Ohppd 4141 Vxssrvh wkh frqglwlrqv ri wkhruhp Ee��� krog1 Wkhq/ wkh iroorzlqj krog=
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�
' �I

?
E~ ��fe� n JR E��

71 �

?

�e~ ��f
e~� ' �

?
E~ ��f~� n JR E��

81 �I
?
f �et ' �I

?
f �t n JR E��

91 �I
?

k e~ ��f

�
t � et � Bl R$ f

:1 �I
?

�e~ ��f�
�
' [~� n JR E�� �

Surri1 Wr suryh wkh �uvw uhvxow/ qrwh wkdw

�s
?
e~ ��f

et '
�s
?

�e~ � ~
��
�f

�et � t
�
n

�s
?

�e~ � ~
��
�ft

n
�s
?
~ ��f

�
t � et �n

�s
?
~ ��ft

'
�

?

� e~ � ~
�� ks

?�f

�
t � et �ln �s

?

�e~ � ~
��
�ft

n
�

?
~ �

ks
?�f

�et � t
�l

n
�s
?
~ ��ft

'
�s
?
~ ��t n .|

�� e~ � ~
�� ks

?�f

�
t � et �l�

n
�s
?

� e~ � ~
��
�f Et � ~�

n
�s
?

�e~ � ~
��
�f d~ �. E~�o n

�s
?

� e~ � ~
��
�f. E~�

5:



n.|

k
E~ � . E~���

ks
?�f

�et � t
�ll

n .|

k
. E~�

ks
?�f

�et � t
�ll

n JR E��

'
�s
?
~ ��t n�� n�2 n�� n�e n�D n�S n JR E��

Zh zloo qh{w erxqg hdfk ri wkh ��c � ' �c � � � c S� Ohw m�m eh wkh pdwul{ qrup ri �� Iluvw/

m��m '

����.|

�� e~ � ~
�� ks

?�f

�
t � et �l�����

�
��� e~ � ~

��� ���.|

ks
?�f

�
t � et �l���

' JR E��

e| dvvxpswlrqv 4 dqg 5 zkhuh wkh vhfrqg olqh iroorzv iurp wkh idfw wkdw erwk et dqg t duh phdvxudeoh

zlwk uhvshfw wr I| dqg wkh wuldqjoh lqhtxdolw|1 Qh{w/

m�2m '

���� �s
?

�e~ � ~
��
�f Et � ~�

����
�

��� e~ � ~
��� ���� �s

?
�f Et � ~�

����
' JR E��

e| dvvxpswlrq 5 dqg vlqfh wkh txdqwlw| lqvlgh wkh vhfrqg devroxwh ydoxh zloo eh �R E��1 Wkh wklug

whup lv=

m��m '

���� �s
?

�e~ � ~
��
�f d~ � . E~�o

����
�

��� e~ � ~
��� ���� �s

?
�f d~ �. E~�o

����
' JR E��

djdlq e| dvvxpswlrq 5 dqg wkh whup lqvlgh wkh vhfrqg devroxwh ydoxh ehlqj �R E��1 Wkh irxuwk whup

fdq eh erxqghg dv=

m�em '

���� �s
?

� e~ � ~
��
�f. E~�

����
�

���� �s
?

� e~ � ~
����� m�f. E~�m

' JR E��
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dv e~ R$ ~ dqg m. E~�m 	4 zlwk suredelolw| rqh vlqfh ~| 	4 iru doo |1 Wkh �iwk whup lv=

m�Dm '
���.|

k
E~ � . E~���

ks
?�f

�et � t
�ll���

� m~ � . E~�m
���.|

ks
?�f

�et � t
�l���

' �R E�� � JR E��
' JR E��

e| dvvxpswlrq 41 Ilqdoo|/ wkh vl{wk whup fdq eh erxqghg dv=

m�Sm '
���.|

k
. E~�

ks
?�f

�et � t
�ll���

� m. E~�m
���.|

ks
?�f

�et � t
�l���

' JR E��

e| dvvxpswlrq 4 dqg wkh idfw wkdw m. E~�m 	4 zlwk suredelolw| rqh� Wkxv/

�s
?
e~ ��f

et '
�s
?
~ ��ft n JR E��

dv uhtxluhg1

Wkh vhfrqg uhvxow lv rewdlqhg dv=

�s
?

k e~ ��f E~ � t � B
l

'
�s
?

��e~ � ~
��
�f E~ � t � B

�
n

�s
?
d~ ��f E~ � t � Bo

'
�s
?
d~ ��f E~ � t � Bo n JR E��

zkhuh wkh odvw olqh iroorzv iurp=���� �s
?

� e~ � ~
��
�f E~ � t � B

���� �
��� e~ � ~

��� ���� �s
?
�f E~ � t � B

����
' JR E�� ��R E��

' JR E��

Wkh wklug uhvxow iroorzv iurp=

�s
?
e~ ��fe '

�s
?

k� e~ � ~
�l�

�fen
�s
?
~ ��fe
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dqg qrwlqj wkdw wkh �uvw whup fdq eh erxqghg e|=���� �s
?

k�e~ � ~
�l�

�fe

���� �
��� e~ � ~

��� ���� �s
?
�fe

����
' JR E�� ��R E��

' JR E��

e| dvvxpswlrqv 5 dqg 71

Wkh irxuwk uhvxow lv suryhg e| uhzulwlqj wkh ohiw kdqg vlgh dv=

�

?
e~ ��f

e~ '
�

?

�e~ � ~
��
�f

e~ n
�

?
~ ��f

e~
'

�

?
~ ��f~ n

�

?

� e~ � ~
��
�f

�e~ � ~
�
n

�

?

� e~ � ~
��
�f~ n

�

?
~ ��f

� e~ � ~
�

'
�

?
~ ��f~ n�� n�2 n�

�

2

zkhuh ��c � ' �c 2c lv hdfk erxqghg lq wxuq e| dq JR E�� whup1 Iru ��c zh rewdlq=

m��m '

�����?
�e~ � ~

��
�f

� e~ � ~
�����

�
���� �s

?

� e~ � ~
��


���� m�fm
���� �s

?
�
�e~ � ~

�����
' JR E��

e| dvvxpswlrq 51 Wkh vhfrqg whup lv erxqghg dv=

m�2m '

�����?
� e~ � ~

��
�f~

����
�

��� e~ � ~
��� �����?�f~

����
' JR E�� ��R E��

' JR E��

e| dvvxpswlrq 51 Wkh irxuwk uhvxow iroorzv1

Wkh �iwk uhvxow lv rewdlqhg dv=

�s
?
f �et '

�s
?
f �t n

�s
?
f �

�et � t
�

'
�s
?
f �t n JR E��
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e| dvvxpswlrq 51

Wkh vl{wk uhvxow lv rewdlqhg iurp wkh ghfrpsrvlwlrq=���� �s
?

k e~ ��f

�
t � et � Bl���� '

���� �s
?

��e~ � ~
��
�f

�
t � et � B�n �s

?

k
~ ��f

�
t � et � Bl����
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���� �s

?
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�� �

t � et � B�����
n

���� �s
?
d~ � . E~�o��f
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t � et �l B����

n

�����?. E~���f
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�
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B

����
�

��� e~ � ~
��� ���� �s

?
�
�
t � et �

B

����
m~ � . E~�m

���� �s
?
�
�
t � et � B����

n m. E~�m
���� �s

?
�
�
t � et � B����

' JR E��

zkhuh wkh odvw olqh iroorzv iurp �I
?
�
�
t � et � R$ .|

ks
?�

�
t � et �l R$ f�

Ilqdoo|/ wkh odvw uhvxow lv rewdlqhg e| uhzulwlqj wkh ohiw kdqg vlgh dv=

�s
?
e~ ��f� '

�s
?
e~ ��fen

�s
?
e~ ��f

�
t � et � B n �s

?
e~ ��f E~ � t � B

dqg xvlqj uhvxowv 5/ 6/ dqg 8 ri wkh ohppd1

4151 Surri ri wkhruhp e��

Wkh lqvwuxphqwdo yduldeoh hvwlpdwru ri B lv

eB � B '

�e~ ��f
et �3� e~ ��f�

' E~ ��ft �
3�
~ ��f�n JR E��

e| uhvxowv 4 dqg : ri wkh ohppd1 Wr ghulyh wkh dv|pswrwlf glvwulexwlrq/ zh fdq kdqgoh wkh lqyhuvh

whup dv=

�s
?
E~ ��ft � '

�s
?
d~ ��f E~�n T �o
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5� e| dvvxpswlrq1 Sxwwlqj wkhvh slhfhv wrjhwkhu jlyhv xv wkh ghvluhg

uhvxow iru wkh glvwulexwlrq ri eB G eB � B
_$ s�

Wr ghulyh wkh glvwulexwlrq ri eqc qrwh wkdw=

eq ' Ef �f�
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�
+ � et eB�
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?
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ff
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ff
�f�

zkhuh wkh whup lq sduhqwkhvhv lv ghulyhg iurp=
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?
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?
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�

?
f �~Cn

�

?
f �fM n

�s
?
f �T
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ff
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e| dvvxpswlrq1

4161 Surri ri Sursrvlwlrq e�2

E| uhvxow : ri wkh ohppd/
s
?}

_$ [~�

_
' � Efc j~�� xqghu wkh qxoo k|srwkhvlv1 Vwdqgdug dujxphqwv

vkrz wkh ghvluhg uhvxow/ ?}�j3�
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}

_$ �2 E&2� �
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4171 Surri ri Sursrvlwlrq e��

Wkh hvwlpdwru ri BW lv gh�qhg dv=

eBW '
�e~ ��f

e~�3� e~ ��f

�
+ � et Bf�

'
�e~ ��f

e~�3� e~ ��f

�
fqW n e~BW n �n � EB � Bf�
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'
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$
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S
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�

Wkh urexvw �- vwdwlvwlf lv=
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�
+ � et Bf���f
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�e~ ��f
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Wdeoh 41 -2 iurp uhjuhvvlrq ri ee2
|
rq ej2

|

Nhuqho0edvhg hvwlpdwhv

Edqgzlgwk lv K ' SerA3
�

Rne

S ' f�D � 2

V)S 833 uhwxuqv R ' � 31334 31333 31394

4<98=404<<:=45 2 31333 31334 313;8

� 31345 31374 313::

\hq0groodu uhwxuqv R ' � 31355 31337 31359

4<:;=4304<<;=9 2 31333 3337 31336

� 31344 31337 31338

H{fhvv kroglqj |lhog R ' � 31349 31337 314:3

4<8<=404<<;=5 2 31335 31367 31343

� 3133; 3134: 31379

Wdeoh 51 -2 iurp uhjuhvvlrq ri ee2
|
rq ej

2
|

Qhxudo qhwzrun hvwlpdwhv

qxpehu ri qrghv @ 2 e H

V)S 833 uhwxuqv R ' � 31374 31373 3136<

4<98=404<<:=45 2 31367 31369 31369

� 31353 31353 31353

\hq0groodu uhwxuqv R ' � 31343 3134< 31358

4<:;=4304<<;=9 2 3155< 31594 315:;

� 31567 313:8 313:8

H{fhvv kroglqj |lhog R ' � 31339 31339 31339

4<8<=404<<;=5 2 31365 31364 31365

� 31335 31335 31335
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Wdeoh 61 -2 iurp uhjuhvvlrq ri ee2
|
rq ej2

|

Hqjoh0Qj hvwlpdwhv

qxpehu ri elqv @ 2 e H

V)S 833 uhwxuqv R ' � 3146; 3146< 3146;

4<98=404<<:=45 2 3143: 3143: 31484

� 313<; 313;; 313:6

\hq0groodu uhwxuqv R ' � 31348 31355 31364

4<:;=4304<<;=9 2 31336 31334 31334

� 31337 31334 31333

H{fhvv kroglqj |lhog R ' � 31457 31458 31447

4<8<=404<<;=5 2 31683 3166; 3158<

� 31485 31475 3147;

Wdeoh 71 Vlpxodwlrq uhvxowv

JDUFK sdudphwhuv iurp V)S 833 gdwd

Nhuqho0edvhg hvwlpdwh ri wkh frqglwlrqdo yduldqfh

R ' �

Edqgzlgwk Phgldq Fryhudjh udwh ri <8( FL Iluvw0vwdjh

frqvwdqw LY hvwlpdwru Zdog OP -2 EI�

Dfwxdo :1;98 :<14 <713 514<

318 3175: <515 ;415 815<

4 41563 <318 <515 6145

5 51547 ;417 <613 513<
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Wdeoh 81 Vlpxodwlrq uhvxowv

JDUFK sdudphwhuv iurp V)S 833 gdwd

Nhuqho0edvhg hvwlpdwh ri wkh frqglwlrqdo yduldqfh

R ' 2

Edqgzlgwk Phgldq Fryhudjh udwh ri <8( FL Iluvw0vwdjh

frqvwdqw LY hvwlpdwru Zdog OP -2 EI�

Dfwxdo :1;98 :<14 <713 514<

318 0314;9 <<14 8619 57196

4 318;9 <91< ::1< 4413:

5 41;:6 <517 <41: 816:

Wdeoh 91 Vlpxodwlrq uhvxowv

JDUFK sdudphwhuv iurp V)S 833 gdwd

Nhuqho0edvhg hvwlpdwh ri wkh frqglwlrqdo yduldqfh

R ' �

Edqgzlgwk Phgldq Fryhudjh udwh ri <8( FL Iluvw0vwdjh

frqvwdqw LY hvwlpdwru Zdog OP -2 EI�

Dfwxdo :1;98 :<14 <713 514<

318 031998 <51< :71< 84183

4 31667 <;1< 981: 55194

5 51477 <:15 ;<15 <1:8
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Wdeoh :1 Vlpxodwlrq uhvxowv

JDUFK sdudphwhuv iurp V)S 833 gdwd

Qhxudo qhwzrun hvwlpdwh ri wkh frqglwlrqdo yduldqfh

R ' �

Qxpehu Phgldq Fryhudjh udwh ri <8( FL Iluvw0vwdjh

ri qrghv LY hvwlpdwru Zdog OP -2 EI�

Dfwxdo :1;98 :<14 <713 514<

5 9177< 8415 <818 3168

7 91<6; 8417 <61; 3169

; 9158; 861: <618 3166

Wdeoh ;1 Vlpxodwlrq uhvxowv

JDUFK sdudphwhuv iurp V)S 833 gdwd

Qhxudo qhwzrun hvwlpdwh ri wkh frqglwlrqdo yduldqfh

R ' 2

Qxpehu Phgldq Fryhudjh udwh ri <8( FL Iluvw0vwdjh

ri qrghv LY hvwlpdwru Zdog OP -2 EI�

Dfwxdo :1;98 :<14 <713 514<

5 4154< 931< :<19 318:

7 41364 9414 ;319 3185

; 41889 9517 ;419 3173
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Wdeoh <1 Vlpxodwlrq uhvxowv

JDUFK sdudphwhuv iurp V)S 833 gdwd

Qhxudo qhwzrun hvwlpdwh ri wkh frqglwlrqdo yduldqfh

R ' �

Qxpehu Phgldq Fryhudjh udwh ri <8( FL Iluvw0vwdjh

ri qrghv LY Hvwlpdwru Zdog OP -2 EI�

Dfwxdo :1;98 :<14 <713 514<

5 41394 8918 ;519 318<

7 31:79 891; ;814 3179

; 41737 8617 ;918 3167

Wdeoh 431 Vlpxodwlrq uhvxowv

JDUFK sdudphwhuv iurp V)S 833 gdwd

Hqjoh0Qj hvwlpdwh ri wkh frqglwlrqdo yduldqfh

R ' �

Qxpehu Phgldq Fryhudjh udwh ri <8( FL Iluvw0vwdjh

ri elqv LY hvwlpdwru Zdog OP -2 EI�

Dfwxdo :1;98 :<14 <713 514<

5 91546 ;517 <718 5159

7 81:46 ;915 <818 5196

; 9136< ;91: <818 519<
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Wdeoh 441 Hvwlpdwlrq uhvxowv

V)S 833 uhwxuqv/ 4<9804<<:/ urexvw |0vwdwlvwlfv lq sduhqwkhvhv

Hvwlpdwru R ' � R ' 2 R ' �

frqvwdqw
Ef�f32�

f�2D
Ef�S��

�f��e
E3f��b�

����D
E32�2b�

Nhuqho ee2
|

�f�ef
E3f�2f�

��S2
Ef�bb�

S�b2
E2�S��

ES ' 2� Zdog <8( FL d�e�ec ��So d���Sce�Ho d��Hc �2��o

OP <8( FL d��ffc��e�So ^ d�.�Sc �ffo d��ffc�ffo d��ffc �ffo

4vw vwdjh -2 31394 313;8 313::

frqvwdqw
Ef�f32�

f�2.
Ef��b�

f�fb
Ef��D�

f��f
Ef��2�

Qhxudo qhwzrun ee2
|

�f�eD
E3f��e�

f��H
Ef��e�

f�e2
Ef��f�

+7 qrghv, Zdog <8( FL d�S�bc S�fo d�D��cD�bo d�.�Hc H�So

OP <8( FL d��e�Sc S�fo d�DD�fc .�fo d��ffc �ffo

4vw vwdjh -2 31373 31369 31353

frqvwdqw
Ef�f32�

f��.
Ef�Sf�

f��S
Ef�eb�

�f�fe
E3f��2�

Hqjoh0Qj ee2
|

�f�f�
E3f�f��

f�fD
Ef�fe�

���f
Ef�Se�

+7 elqv, Zdog <8( FL d�2�Dc 2�Do d�2�Hc2�bo d�2�2c e�eo

OP <8( FL d��ffc �ffo d��ffc�ffo d��bc S�eo

4vw vwdjh -2 3146< 3143: 313;;

frqvwdqw
Ef�f32�

�f�be
E3f�He�

JDUFK0P+4/4, ee2
|3� S�SH

E��fe�

Zdog <8( FL d�S�2c�b�Deo
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Wdeoh 451 Hvwlpdwlrq uhvxowv

H{fhvv kroglqj |lhog/ 4<8<=404<<;=5/ urexvw |0vwdwlvwlfv lq sduhqwkhvhv

Hvwlpdwru R ' � R ' 2 R ' �

frqvwdqw
Ef�f3��

f�eD
E��b2�

���f.
E3f�SD�

�f�2�
E3f��.�

Nhuqho vsuhdg ��Df
ES����

��bH
E2��.�

��.b
Ee�2��

ES ' 2� ee2
|

�2e�DS
E��22�

��b�2D
Ef�HD�

�e�S�
E��f��

Zdog <8( FL d��H�bc��f�2o d��DD��c �b��So d��2�Sc �f��Ho

OP <8( FL d��ffc�ffo d��ffc �ffo d�eb�Sc bb�Ho

4vw vwdjh -2 3149: 3133; 31374

frqvwdqw
Ef�f3��

�S�.b
E3D�S.�

�S��H
E3S�..�

�2�eH
E3f�S��

Qhxudo qhwzrun vsuhdg f�eS
E2�Df�

f�D.
E��.2�

��2f
E��H2�

+7 qrghv, ee2
|

2��2�
ES����

�b�ef
E.�Df�

H���
Ef�SD�

Zdog <8( FL d�e�ec 2H�fo d�e��c 2e�Do d��S�2c �2�eo

OP <8( FL d��ffc�ffo d��ffc �ffo d��ffc �.�Ho ^ d2��Hc �ffo

4vw vwdjh -2 31375 313<3 31353
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Figure 1. Instrumental variable estimator

Zt replace with Yt estimate with tŶ instrument with tẐ






























